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Modeling, Computers,  
and Error Analysis

	 1.1	 MOTIVATION

What are numerical methods and why should you study them? 
Numerical methods are techniques by which mathematical problems are formulated 

so that they can be solved with arithmetic and logical operations. Because digital comput-
ers excel at performing such operations, numerical methods are sometimes referred to as 
computer mathematics.

In the pre–computer era, the time and drudgery of implementing such calculations 
seriously limited their practical use. However, with the advent of fast, inexpensive digital 
computers, the role of numerical methods in engineering and scientific problem solving 
has exploded. Because they figure so prominently in much of our work, I believe that 
numerical methods should be a part of every engineer’s and scientist’s basic education. 
Just as we all must have solid foundations in the other areas of mathematics and science, 
we should also have a fundamental understanding of numerical methods. In particular, we 

should have a solid appreciation of both 
their capabilities and their limitations.

Beyond contributing to your overall 
education, there are several additional 
reasons why you should study numerical 
methods:

1.	�Numerical methods greatly expand the 
types of problems you can address. 
They are capable of handling large sys-
tems of equations, nonlinearities, and 
complicated geometries that are not 
uncommon in engineering and science 
and that are often impossible to solve 
analytically with standard calculus. As 
such, they greatly enhance your prob-
lem-solving skills.

2.	�Numerical methods allow you to use 
“canned” software with insight. During
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PROBLEMS

1.1  Use calculus to verify that Eq. (1.9) is a solution of  
Eq. (1.8) for the initial condition �(0) = 0.
1.2  Use calculus to solve Eq. (1.21) for the case where the ini-
tial velocity is (a) positive and (b) negative. (c) Based on your 
results for (a) and (b), perform the same computation as in 
Example 1.1 but with an initial velocity of � 40 m/s. Compute 
values of the velocity from t = 0 to 12 s at intervals of 2 s. Note 
that for this case, the zero velocity occurs at t = 3.470239 s.
1.3  The following information is available for a bank account:

Date	 Deposits	 Withdrawals 	 Balance

��� 		  �������
	 ������ 	 ������ 	
��� 			 
	 ������ 	 ������ 	
��� 			 
	 ������ 	 ������ 	
��� 			 
	 ������ 	 ������ 	
��� 			 

Note that the money earns interest which is computed as

Interest = iBi

where i = the interest rate expressed as a fraction per month,  
and Bi the initial balance at the beginning of the month. 
(a)	 Use the conservation of cash to compute the balance on 

6� 1, 7�1, 8�1, and 9�1 if the interest rate is 1% per month 
(i = 0.01�month). Show each step in the computation. 

(b)	 Write a differential equation for the cash balance in the 
form

​​ dB ___ 
dt

 ​​ = f [D(t), W(t), i]

where t = time (months), D(t) = deposits as a function 
of time ($/month), W(t) = withdrawals as a function of 
time ($/month). For this case, assume that interest is 
compounded continuously; that is, interest = iB. 

(c)	 Use Euler’s method with a time step of 0.5 month to 
simulate the balance. Assume that the deposits and with-
drawals are applied uniformly over the month. 

(d)	 Develop a plot of balance versus time for (a) and (c).
1.4  Repeat Example 1.2. Compute the velocity to t = 12 s, 
with a step size of (a) 1 and (b) 0.5 s. Can you make any 
statement regarding the errors of the calculation based on 
the results?

1.5  Rather than the nonlinear relationship of Eq. (1.7), you 
might choose to model the upward force on the bungee 
jumper as a linear relationship:

FU = �c��

where c� = a first-order drag coefficient (kg/s). 
(a)	 Using calculus, obtain the closed-form solution for the 

case where the jumper is initially at rest (� = 0 at t = 0). 
(b)	 Repeat the numerical calculation in Example 1.2 with 

the same initial condition and parameter values. Use a 
value of 11.5 kg/s for �c�.

1.6  For the free-falling bungee jumper with linear drag 
(Prob. 1.5), assume a first jumper is 70 kg and has a drag co-
efficient of 12 kg/s. If a second jumper has a drag coefficient 
of 15 kg/s and a mass of 80 kg, how long will it take her to 
reach the same velocity jumper 1 reached in 9 s?
1.7  For the second-order drag model (Eq. 1.8), compute the 
velocity of a free-falling parachutist using Euler’s method 
for the case where m = 80 kg and cd = 0.25 kg/m. Perform 
the calculation from t = 0 to 20 s with a step size of 1 s. Use 
an initial condition that the parachutist has an upward veloc-
ity of 20 m/s at t = 0. At t = 10 s, assume that the chute is 
instantaneously deployed so that the drag coefficient jumps 
to 1.5 kg/m.
1.8  The amount of a uniformly distributed radioactive con-
taminant contained in a closed reactor is measured by its 
concentration c (becquerel/liter or Bq/L). The contaminant 
decreases at a decay rate proportional to its concentration; 
that is

Decay rate = �kc

where k is a constant with units of day� 1. Therefore, ac-
cording to Eq. (1.14), a mass balance for the reactor can be 
written as

​​ dc ___ 
dt

 ​​    =   �kc

​​(  change  
in mass  )​​ = ​​(  decrease  

by decay  )​​
(a)	 Use Euler’s method to solve this equation from t = 0 to 

1 d with k = 0.175 d–1. Employ a step size of � t = 0.1 d. 
The concentration at t = 0 is 100 Bq/L.

(b)	 Plot the solution on a semilog graph (i.e., ln c versus t) 
and determine the slope. Interpret your results.

1.9  A storage tank (Fig. P1.9) contains a liquid at depth y 
where y = 0 when the tank is half full. Liquid is withdrawn 
at a constant flow rate Q to meet demands. The contents are 
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resupplied at a sinusoidal rate 3Q sin2(t). Equation (1.14) 
can be written for this system as

​​ 
d(Ay)

 _____ 
dt

 ​​     = 3 Q sin2(t) �     Q

​​(  change in  
volume

  )​​ =  (inflow)  � (outflow)

or, since the surface area A is constant

​​ 
dy

 ___ 
dt

 ​​ = 3 ​​ 
Q

 __ 
A

 ​​ sin2(t) �  ​​ 
Q

 __ 
A

 ​​

Use Euler’s method to solve for the depth y from t = 0 to  
10 d with a step size of 0.5 d. The parameter values are A = 
1250 m2 and Q = 450 m3/d. Assume that the initial condition 
is y = 0.
1.10  For the same storage tank described in Prob. 1.9, sup-
pose that the outflow is not constant but rather depends on 
the depth. For this case, the differential equation for depth 
can be written as

​​ 
dy

 ___ 
dt

 ​​ = 3 ​​ 
Q

 __ 
A

 ​​ sin2(t) �  ​​ 
�(1 + y) 1.5

 _________ 
A

 ​​

Use Euler’s method to solve for the depth y from t = 0 to  
10 d with a step size of 0.5 d. The parameter values are A = 
1250 m2, Q = 450 m3/d, and � = 150. Assume that the initial 
condition is y = 0.
1.11  Apply the conservation of volume (see Prob. 1.9) to sim-
ulate the level of liquid in a conical storage tank (Fig. P1.11). 

0

y

FIGURE P1.9

0

y

ytop

yout

rtop

Qin

s

1

Qout

FIGURE P1.11
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The liquid flows in at a sinusoidal rate of Qin = 3 sin2(t) and 
flows out according to

Qout = 3(y � y out)
1.5 	 y > yout

Qout = 0 		  y � y out

where flow has units of m3/d and y = the elevation of the 
water surface above the bottom of the tank (m). Use Euler’s 
method to solve for the depth y from t = 0 to 10 d with a step 
size of 0.5 d. The parameter values are rtop = 2.5 m, ytop = 4 m, 
and yout = 1 m. Assume that the level is initially below the 
outlet pipe with y(0) = 0.8 m.
1.12  A group of 35 students attend a class in an insu-
lated room which measures 11 by 8 by 3 m. Each student 
takes up about 0.075 m3 and gives out about 80 W of heat  
(1 W = 1 J/s). Calculate the air temperature rise during 
the first 20 minutes of the class if the room is completely 
sealed and insulated. Assume the heat capacity C�  for air is  
0.718 kJ/(kg K). Assume air is an ideal gas at 20 °C and 
101.325 kPa. Note that the heat absorbed by the air Q is 
related to the mass of the air m the heat capacity, and the 
change in temperature by the following relationship:

Q = m​​�  ​
T1

​ 
    T2

​​ C�  dT = mC�  (T2 � T 1)

The mass of air can be obtained from the ideal gas law:

PV = ​​  m ____ 
Mwt

 ​​ RT

where P is the gas pressure, V is the volume of the gas, Mwt 
is the molecular weight of the gas (for air, 28.97 kg/kmol), 
and R is the ideal gas constant [8.314 kPa m3/(kmol K)].
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1.13  Figure P1.13 depicts the various ways in which an 
average man gains and loses water in one day. One liter 
is ingested as food, and the body metabolically produces  
0.3 liters. In breathing air, the exchange is 0.05 liters while 
inhaling, and 0.4 liters while exhaling over a one-day period. 
The body will also lose 0.3, 1.4, 0.2, and 0.35 liters through 
sweat, urine, feces, and through the skin, respectively. To 
maintain steady state, how much water must be drunk per day?
1.14  In our example of the free-falling bungee jumper, we 
assumed that the acceleration due to gravity was a constant 
value of 9.81 m/s2. Although this is a decent approxima-
tion when we are examining falling objects near the surface 
of the earth, the gravitational force decreases as we move 
above sea level. A more general representation based on 
Newton’s inverse square law of gravitational attraction can 
be written as

g(x) = g(0) ​​  R2
 _______ 

(R + x)2
 ​​

where g(x) = gravitational acceleration at altitude x (in m) 
measured upward from the earth’s surface (m/s2), g(0) = 
gravitational acceleration at the earth’s surface (�  9.81 m/s2), 
and R = the earth’s radius (� 6.37 × 106 m). 
(a)	 In a fashion similar to the derivation of Eq. (1.8), use a 

force balance to derive a differential equation for veloc-
ity as a function of time that utilizes this more complete 
representation of gravitation. However, for this deriva-
tion, assume that upward velocity is positive. 

(b)	 For the case where drag is negligible, use the chain rule 
to express the differential equation as a function of alti-
tude rather than time. Recall that the chain rule is

​​ d�  ___ 
dt

 ​​ = ​​ d�  ___ 
dx

 ​​ ​​ dx ___ 
dt

 ​​

(c)	 Use calculus to obtain the closed form solution where 
��= � 0 at x = 0. 

(d)	 Use Euler’s method to obtain a numerical solution from 
x = 0 to 100,000 m using a step of 10,000 m where the 
initial velocity is 1500 m/s upward. Compare your result 
with the analytical solution.

1.15  Suppose that a spherical droplet of liquid evaporates at 
a rate that is proportional to its surface area.

​​ dV ___ 
dt

 ​​ = �kA

where V = volume (mm3), t = time (min), k = the evapo-
ration rate (mm/min), and A = surface area (mm2). Use 
Euler’s method to compute the volume of the droplet from  
t = 0 to 10 min using a step size of 0.25 min. Assume that  
k = 0.08 mm/min and that the droplet initially has a radius of  
2.5 mm. Assess the validity of your results by determining 
the radius of your final computed volume and verifying that 
it is consistent with the evaporation rate. 
1.16  A fluid is pumped into the network shown in Fig. P1.16. 
If Q2 = 0.7, Q3 = 0.5, Q7 = 0.1, and Q8 = 0.3 m3/s, determine 
the other flows.
1.17  Newton’s law of cooling says that the temperature of 
a body changes at a rate proportional to the difference be-
tween its temperature and that of the surrounding medium 
(the ambient temperature), 

​​ dT ___ 
dt

 ​​ = �k(T � T a)

where T = the temperature of the body (°C), t = time (min), 
k = the proportionality constant (per minute), and Ta = the 
ambient temperature (°C). Suppose that a cup of coffee 
originally has a temperature of 70°C. Use Euler’s method to 
compute the temperature from t = 0 to 20 min using a step 
size of 2 min if Ta = 20°C and k = 0.019/min.

Urine Feces

Skin

Food

Drink

Air

Sweat

Metabolism

BODY

FIGURE P1.13

FIGURE P1.16
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1.18  You are working as a crime scene investigator and 
must predict the temperature of a homicide victim over a  
5-hr period. You know that the room where the victim was 
found was at 10°C when the body was discovered.
(a)	 Use Newton’s law of cooling (Prob. 1.17) and Euler’s 

method to compute the victim’s body temperature for the 
5-hr period using values of k = 0.12/hr and �t = 0.5 hr.  
Assume that the victim’s body temperature at the time 
of death was 37°C, and that the room temperature was 
at a constant value of 10°C over the 5-hr period.

(b)	 Further investigation reveals that the room temperature 
had actually dropped linearly from 20 to 10°C over the 
5-hr period. Repeat the same calculation as in (a) but 
incorporate this new information.

(c)	 Compare the results from (a) and (b) by plotting them 
on the same graph. 

1.19  The velocity is equal to the rate of change of distance, 
x (m):

​​ dx ___ 
dt

 ​​ = �(t )	 (P1.19)

Use Euler’s method to numerically integrate Eqs. (P1.19) 
and (1.8) in order to determine both the velocity and distance 
fallen as a function of time for the first 10 seconds of freefall 
using the same parameters and conditions as in Example 1.2. 
Develop a plot of your results.
1.20  In addition to the downward force of gravity (weight) 
and drag, an object falling through a fluid is also subject 
to a buoyancy force which is proportional to the displaced 
volume (Archimedes’ principle). For example, for a sphere 
with diameter d (m), the sphere’s volume is V = � d3/6, and 
its projected area is A = � d2/4. The buoyancy force can then 
be computed as Fb = �� Vg. We neglected buoyancy in our 
derivation of Eq. (1.8) because it is relatively small for an 
object like a bungee jumper moving through air. However, 
for a more dense fluid like water, it becomes more prominent. 
(a)	 Derive a differential equation in the same fashion as 

Eq. (1.8), but include the buoyancy force and represent 
the drag force as described in Sec. 1.4.

(b)	 Rewrite the differential equation from (a) for the special 
case of a sphere.

(c)	 Use the equation developed in (b) to compute the terminal 
velocity (i.e., for the steady-state case). Use the follow-
ing parameter values for a sphere falling through water: 
sphere diameter = 1 cm, sphere density = 2700 kg/m3, 
water density = 1000 kg/m3, and Cd = 0.47.

(d)	 Use Euler’s method with a step size of �t = 0.03125 s 
to numerically solve for the velocity from t = 0 to 0.25 s 
with an initial velocity of zero.

1.21  As noted in Sec. 1.4, a fundamental representation of 
the drag force, which assumes turbulent conditions (i.e., a 
high Reynolds number), can be formulated as

Fd = � ​​ 1 __ 
2
 ​​ �AC d � �� �

where Fd = the drag force (N), � = fluid density (kg/m3), A = 
the frontal area of the object on a plane perpendicular to the 
direction of motion (m2), � = velocity (m/s), and Cd = a dimen-
sionless drag coefficient.
(a)	 Write the pair of differential equations for velocity and 

position (see Prob. 1.19) to describe the vertical motion of 
a sphere with diameter, d (m), and a density of � s (kg/m3). 
The differential equation for velocity should be written as 
a function of the sphere’s diameter.

(b)	 Use Euler’s method with a step size of �t = 2 s to com-
pute the position and velocity of a sphere over the first  
14 seconds. Employ the following parameters in your 
calculation: d = 120 cm, �  = 1.3 kg/m3, � s = 2700 kg/m3,  
and Cd = 0.47. Assume that the sphere has the initial 
conditions: x(0) = 100 m and �(0) = �40 m/s. 

(c)	 Develop a plot of your results (i.e., y and � versus t) and 
use it to graphically estimate when the sphere would hit 
the ground.

(d)	 Compute the value for the bulk second-order drag coef-
ficient, cd� (kg/m). Note that the bulk second-order drag 
coefficient is the term in the final differential equation 
for velocity that multiplies the term � |�|. 

1.22  As depicted in Fig. P1.22, a spherical particle set-
tling through a quiescent fluid is subject to three forces: the 
downward force of gravity (FG), and the upward forces of 
buoyancy (FB) and drag (FD). Both the gravity and buoyancy 
forces can be computed with Newton’s second law with the 
latter equal to the weight of the displaced fluid. For laminar 
flow, the drag force can be computed with Stoke’s law,

FD = 3��d�

where �  = the dynamic viscosity of the fluid (N s/m2), d =  
the particle diameter (m), and �  =  the particle’s settling 
velocity (m/s). The mass of the particle can be expressed as 
the product of the particle’s volume and density, � s (kg/m3),  
and the mass of the displaced fluid can be computed as the 
product of the particle’s volume and the fluid’s density, 
�  (kg/m3). The volume of a sphere is � d3/6. In addition, 
laminar flow corresponds to the case where the dimension-
less Reynolds number, Re, is less than 1, where Re = �d� /� . 
(a)	 Use a force balance for the particle to develop the dif-

ferential equation for d� /dt as a function of d, � , � s, and �. 
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1.24  Use Archimedes’ principle to develop a steady-state 
force balance for a spherical ball of ice floating in seawater. 
The force balance should be expressed as a third-order poly-
nomial (cubic) in terms of height of the cap above the water 
line (h), and the seawater’s density (�f), the ball’s density 
(� s) and radius (r).
1.25  Beyond fluids, Archimedes’ principle has proven 
useful in geology when applied to solids on the earth’s 
crust. Figure P1.25 depicts one such case where a lighter 
conical granite mountain “floats on” a denser basalt layer 
at the earth’s surface. Note that the part of the cone below 
the surface is formally referred to as a frustum. Develop a 
steady-state force balance for this case in terms of the fol-
lowing parameters: basalt’s density (� b), granite’s density 
(� g), the cone’s bottom radius (r), and the height above (h1) 
and below (h2) the earth’s surface. 

FD FB

FG

d

FIGURE P1.22

FIGURE P1.24

(b)	 At steady-state, use this equation to solve for the par-
ticle’s terminal velocity. 

(c)	 Employ the result of (b) to compute the particle’s ter-
minal velocity in m/s for a spherical silt particle settling 
in water: d  = 10 � m,  � = 1 g/cm3, � s = 2.65 g/cm3, and 
� = 0.014 g/(cm·s). 

(d)	 Check whether flow is laminar. 
(e)	 Use Euler’s method to compute the velocity from t = 0 to 

2� 15 s with � t = 2� 18 s given the initial condition: � (0) = 0.
1.23  As depicted in Fig. P1.23, the downward deflection,  
y (m), of a cantilever beam with a uniform load, w = 10,000 
kg/m, can be computed as

y = ​​  w _____ 
24EI

 ​​ (x4 � 4 L x3 + 6L2x2)

where x = distance (m), E = the modulus of elasticity =  
2 × 1011 Pa, I = moment of inertia = 3.25 × 10–4 m4, and L = 
length = 4 m. This equation can be differentiated to yield the 
slope of the downward deflection as a function of x

​​ 
dy

 ___ 
dx

 ​​ = ​​  w _____ 
24EI

 ​​ (4x3 �  12 L x2 + 12L2x)

If y = 0 at x = 0, use this equation with Euler’s method (�x =  
0.125 m) to compute the deflection from x = 0 to L. Develop 
a plot of your results along with the analytical solution com-
puted with the first equation.

0

x = L

y

x = 0

w

FIGURE P1.23
A cantilever beam.

h

r
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1.26  As depicted in Fig. P1.26, an RLC circuit consists of 
three elements: a resistor (R), an inductor (L), and a capaci-
tor (C). The flow of current across each element induces a 
voltage drop. Kirchhoff’s second voltage law states that the 
algebraic sum of these voltage drops around a closed circuit 
is zero,

iR + L​​ di __ 
dt

 ​​ + ​​ 
q
 __ 

C
 ​​ = 0

where i = current, R = resistance, L = inductance, t = time, 
q = charge, and C = capacitance. In addition, the current is 
related to charge as in

​​ 
dq

 ___ 
dt

 ​​ = i

(a)	 If the initial values are i(0) = 0 and q(0) = 1 C, use 
Euler’s method to solve this pair of differential equa-
tions from t = 0 to 0.1 s using a step size of �t = 0.01 s. 
Employ the following parameters for your calculation: 
R = 200 �, L = 5 H, and C = 10�4  F.

(b)	 Develop a plot of i and q versus t. 
1.27  Suppose that a parachutist with linear drag (m = 70 kg, 
c = 12.5 kg/s) jumps from an airplane flying at an altitude 
of 200 m with a horizontal velocity of 180 m/s relative to 
the ground.
(a)	 Write a system of four differential equations for x, y, � x =  

dx/dt and �y = dy/dt.
(b)	 If the initial horizontal position is defined as x = 0, use 

Euler’s methods with �t = 1 s to compute the jumper’s 
position over the first 10 seconds.

FIGURE P1.25
FIGURE P1.26

FIGURE P1.28
Forces on a hot air balloon: FB = buoyancy, FG = weight 
of gas, FP = weight of payload (including the balloon 
envelope), and FD = drag. Note that the direction of the 
drag is downward when the balloon is rising.
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iR L di
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(c)	 Develop plots of y versus t and y versus x. Use the plot to 
graphically estimate when and where the jumper would 
hit the ground if the chute failed to open.

1.28  Figure P1.28 shows the forces exerted on a hot air bal-
loon system.

FD

FP

FG

FB

db
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Formulate the drag force as 

FD = ​​ 1 __ 
2
 ​​ � a �

2ACd

where � a = air density (kg/m3), � = velocity (m/s), A = pro-
jected frontal area (m2), and Cd = the dimensionless drag co-
efficient (� 0.47 for a sphere). Note also that the total mass 
of the balloon consists of two components:

m = mG + mP

where mG = the mass of the gas inside the expanded balloon 
(kg), and mP = the mass of the payload (basket, passengers, 
and the unexpanded balloon = 265 kg). Assume that the 
ideal gas law holds (P = �RT), that the balloon is a perfect 
sphere with a diameter of 17.3 m, and that the heated air 

inside the envelope is at roughly the same pressure as the 
outside air.

Other necessary parameters are:

Normal atmospheric pressure, P = 101,300 Pa
The gas constant for dry air, R = 287 Joules/(kg K)
The air inside the balloon is heated to an average tempera-

ture, T = 100 ºC
The normal (ambient) air density, � = 1.2 kg/m3. 

(a)	 Use a force balance to develop the differential equa-
tion for d�/dt as a function of the model’s fundamental  
parameters.

(b)	 At steady-state, calculate the particle’s terminal velocity.
(c)	 Use Euler’s method and Excel to compute the velocity 

from t = 0 to 60 s with �t = 2 s given the previous  
parameters along with the initial condition: �(0) = 0. 
Develop a plot of your results.
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Thus, if we measure the terminal velocity of a number of jumpers of known mass, this 
equation provides a means to estimate the drag coefficient. The data in Table 2.1 were col-
lected for this purpose.

In this chapter, we will learn how MATLAB can be used to analyze such data. Beyond 
showing how MATLAB can be employed to compute quantities like drag coefficients, we 
will also illustrate how its graphical capabilities provide additional insight into such analyses.

	 2.1	 THE MATLAB ENVIRONMENT

MATLAB is a computer program that provides the user with a convenient environment for 
performing many types of calculations. In particular, it provides a very nice tool to imple-
ment numerical methods.

The most common way to operate MATLAB is by entering commands one at a time 
in the command window. In this chapter, we use this interactive or calculator mode to in-
troduce you to common operations such as performing calculations and creating plots. In 
Chap. 3, we show how such commands can be used to create MATLAB programs.

One further note. This chapter has been written as a hands-on exercise. That is, you 
should read it while sitting in front of your computer. The most efficient way to become 
proficient is to actually implement the commands on MATLAB as you proceed through 
the following material.

MATLAB uses three primary windows:

�-�� Command window. Used to enter commands and data.
�-�� Graphics window. Used to display plots and graphs.
�-�� Edit window. Used to create and edit M-files.

In this chapter, we will make use of the command and graphics windows. In Chap. 3 we 
will use the edit window to create M-files.

After starting MATLAB, the command window will open with the command prompt 
being displayed

>>

The calculator mode of MATLAB operates in a sequential fashion as you type in com-
mands line by line. For each command, you get a result. Thus, you can think of it as operat-
ing like a very fancy calculator. For example, if you type in 

>> 55 � 16

MATLAB will display the result1

ans =
    39

TABLE 2.1  D  ata for the mass and associated terminal velocities of a number of jumpers. 

m, kg ���� ���� ���� ���� ���� ���� ����

� t , m/s ���� ���� ���� ���� �� ���� ����

1 MATLAB skips a line between the label (ans =) and the number (39). Here, we omit such blank lines for 
conciseness. You can control whether blank lines are included with the format  compact and format  loose  
commands.
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Notice that MATLAB has automatically assigned the answer to a variable, ans. Thus, you 
could now use ans in a subsequent calculation:

>> ans + 11

with the result

ans =
    50

MATLAB assigns the result to ans whenever you do not explicitly assign the calculation to 
a variable of your own choosing.

	 2.2	 ASSIGNMENT

Assignment refers to assigning values to variable names. This results in the storage of the 
values in the memory location corresponding to the variable name.

2.2.1  Scalars

The assignment of values to scalar variables is similar to other computer languages. 
Try�typing

>> a = 4

Note how the assignment echo prints to confirm what you have done:

a =
     4

Echo printing is a characteristic of MATLAB. It can be suppressed by terminating the com-
mand line with the semicolon (; ) character. Try typing

>> A = 6;

You can type several commands on the same line by separating them with commas or 
semicolons. If you separate them with commas, they will be displayed, and if you use the 
semicolon, they will not. For example,

>> a = 4,A = 6;x = 1;

a =
     4

MATLAB treats names in a case-sensitive manner—that is, the variable a is not the 
same as A. To illustrate this, enter

>> a

and then enter

>> A

See how their values are distinct. They are distinct names.
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We can assign complex values to variables, since MATLAB handles complex arith-
metic automatically. The unit imaginary number ​�

___
 � 1 ​� is preassigned to the variable i . 

Consequently, a complex value can be assigned simply as in

>> x = 2  +i*4

x =
   2.0000 + 4.0000i

It should be noted that MATLAB allows the symbol j  to be used to represent the unit 
imaginary number for input. However, it always uses an i  for display. For example,

>> x = 2  +j*4

x =
   2.0000 + 4.0000i

There are several predefined variables, for example, pi .

>> pi

ans =
    3.1416

Notice how MATLAB displays four decimal places. If you desire additional precision, 
enter the following:

>> format long

Now when pi  is entered the result is displayed to 15 significant figures:

>> pi

ans =
   3.14159265358979

To return to the four decimal version, type

>> format short

The following is a summary of the format commands you will employ routinely in engi-
neering and scientific calculations. They all have the syntax: format type .

type	 Result	 Example

short 	 Scaled fixed-point format with 5 digits	 3.1416
long 	 Scaled fixed-point format with 15 digits for double and 7 digits for single	 3.14159265358979
short e 	 Floating-point format with 5 digits	 3.1416e+000
long e 	 Floating-point format with 15 digits for double and 7 digits for single	 3.141592653589793e+000
short g 	 Best of fixed- or floating-point format with 5 digits	 3.1416
long g 	 Best of fixed- or floating-point format with 15 digits for double 	 3.14159265358979 
	 and 7 digits for single
short eng 	 Engineering format with at least 5 digits and a power that is a multiple of 3	 3.1416e+000
long eng 	 Engineering format with exactly 16 significant digits and a power 	 3.14159265358979e+000 
	 that is a multiple of 3
bank	 Fixed dollars and cents	 3.14
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2.2.2  Arrays, Vectors, and Matrices

An array is a collection of values that are represented by a single variable name. 
One-dimensional arrays are called vectors and two-dimensional arrays are called 
matrices. The scalars used in Sec. 2.2.1 are actually matrices with one row and one 
column.

Brackets are used to enter arrays in the command mode. For example, a row vector can 
be assigned as follows:

>> a = [1 2 3 4 5]

a =
     1     2     3     4     5

Note that this assignment overrides the previous assignment of a =  4 .
In practice, row vectors are rarely used to solve mathematical problems. When we 

speak of vectors, we usually refer to column vectors, which are more commonly used. A 
column vector can be entered in several ways. Try them.

>> b = [2;4;6;8;10]

or

>> b = [2
4
6
8
10]

or, by transposing a row vector with the '  operator,

>> b = [2 4 6 8 10]'

The result in all three cases will be

b =
     2
     4
     6
     8
    10

A matrix of values can be assigned as follows:

>> A = [1 2 3; 4 5 6; 7 8 9]

A =
     1     2     3
     4     5     6
     7     8     9

In addition, the Enter key (carriage return) can be used to separate the rows. For example, 
in the following case, the Enter key would be struck after the 3, the 6, and the ] to assign 
the matrix:

>> A = [1 2 3 
        4 5 6 
        7 8 9]
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Finally, we could construct the same matrix by concatenating (i.e., joining) the vectors 
representing each column:

>> A = [[1 4 7]' [2 5 8]' [3 6 9]']

At any point in a session, a list of all current variables can be obtained by entering the 
who command:

>> who

Your variables are:
A    a     ans  b    x  

or, with more detail, enter the whos command:

>> whos

  Name      Size               Bytes  Class

  A         3x3                    72  double array
  a         1x5                    40  double array
  ans       1x1                    8  double array
  b         5x1                   40  double array
  x         1x1                   16  double array (complex)

  Grand total is 21 elements using 176 bytes

Note that subscript notation can be used to access an individual element of an array. 
For example, the fourth element of the column vector b can be displayed as

>> b(4)

ans =
     8

For an array, A(m,n) selects the element in mth row and the nth column. For example,

>> A(2,3)

ans =
     6

There are several built-in functions that can be used to create matrices. For exam-
ple, the ones and zeros functions create vectors or matrices filled with ones and zeros, 
respectively. Both have two arguments, the first for the number of rows and the second for 
the number of columns. For example, to create a 2 × 3 matrix of zeros:

>> E = zeros(2,3)

E =
     0     0     0
     0     0     0

Similarly, the ones function can be used to create a row vector of ones:

>> u = ones(1,3)

u =
     1     1     1
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2.2.3  The Colon Operator

The colon operator is a powerful tool for creating and manipulating arrays. If a colon is 
used to separate two numbers, MATLAB generates the numbers between them using an 
increment of one:

>> t = 1:5

t =
     1     2     3     4     5

If colons are used to separate three numbers, MATLAB generates the numbers between the 
first and third numbers using an increment equal to the second number:

>> t = 1:0.5:3

t =
    1.0000    1.5000    2.0000    2.5000    3.0000

Note that negative increments can also be used

>> t = 10:�1:5

t =
    10     9     8     7     6     5

Aside from creating series of numbers, the colon can also be used as a wildcard to 
select the individual rows and columns of a matrix. When a colon is used in place of a 
specific subscript, the colon represents the entire row or column. For example, the second 
row of the matrix A can be selected as in

>> A(2,:)

ans =
      4     5     6

We can also use the colon notation to selectively extract a series of elements from 
within an array. For example, based on the previous definition of the vector t :

>> t(2:4)

ans =
      9     8     7

Thus, the second through the fourth elements are returned.

2.2.4  The linspace  and logspace Functions

The linspace  and logspace functions provide other handy tools to generate vectors of spaced 
points. The linspace  function generates a row vector of equally spaced points. It has the 
form

linspace( x1, x2, n)
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which generates n points between x1 and x2. For example

>> linspace(0,1,6)

ans =
          0    0.2000    0.4000    0.6000    0.8000    1.0000

If the n is omitted, the function automatically generates 100 points.
The logspace function generates a row vector that is logarithmically equally spaced. It 

has the form

logspace( x1, x2, n)

which generates n logarithmically equally spaced points between decades 10x1 and 10x2. 
For example,

>> logspace(-1,2,4)

ans =
    0.1000    1.0000   10.0000  100.0000

If n is omitted, it automatically generates 50 points.

2.2.5  Character Strings

Aside from numbers, alphanumeric information or character strings can be represented by 
enclosing the strings within single quotation marks. For example,

>> f = 'Miles ';
>> s = 'Davis';

Each character in a string is one element in an array. Thus, we can concatenate (i.e., paste 
together) strings as in

>> x = [f s]

x =
Miles Davis

Note that very long lines can be continued by placing an ellipsis (three consecutive 
periods) at the end of the line to be continued. For example, a row vector could be entered as

>> a = [1 2 3 4 5 ...
6 7 8]

a =
     1     2     3     4     5     6     7     8

However, you cannot use an ellipsis within single quotes to continue a string. To enter a 
string that extends beyond a single line, piece together shorter strings as in

>> quote = ['Any fool can make a rule,' ...
' and any fool will mind it']

quote =
Any fool can make a rule, and any fool will mind it
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TABLE 2.2  S  ome useful string functions. 

Function Description

n=length(s) Number of characters, n, in a string, s.

b=strcmp(s1,s2) Compares two strings, s1 and s2; if equal returns true (b = 1). If not equal, 
returns false (b = 0).

n=str2num(s) Converts a string, s, to a number, n.

s=num2str(n) Converts a number, n, to a string, s.

s2=strrep(s1,c1,c2) Replaces characters in a string with different characters.

i=strfind(s1,s2) Returns the starting indices of any occurrences of the string s2 in the 
string s1.

S=upper(s) Converts a string to upper case.

s=lower(S) Converts a string to lower case.

A number of built-in MATLAB functions are available to operate on strings. Table 2.2 
lists a few of the more commonly used ones. For example,

>> x1 = ‘Canada’; x2 = ‘Mexico’; x3 = ‘USA’; x4 = ‘2010’; x5 = 810;

>> strcmp(a1,a2)

ans =

0

>> strcmp(x2,’Mexico’)

ans =

1

>> str2num(x4)

ans =

2010

>> num2str(x5)

ans =

810

>> strrep

>> lower

>> upper

Note, if you want to display strings in multiple lines, use the sprint function and insert 
the two-character sequence \n between the strings. For example,

>> disp(sprintf('Yo\nAdrian!'))

yields

Yo

Adrian!
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	 2.3	 MATHEMATICAL OPERATIONS

Operations with scalar quantities are handled in a straightforward manner, similar to other 
computer languages. The common operators, in order of priority, are

^ Exponentiation
� Negation
* / Multiplication and division
\ Left division2 

+ � Addition and subtraction

These operators will work in calculator fashion. Try

>> 2*pi

ans =
    6.2832

Also, scalar real variables can be included:

>> y = pi/4;
>> y ^ 2.45

ans =
    0.5533

Results of calculations can be assigned to a variable, as in the next-to-last example, or 
simply displayed, as in the last example.

As with other computer calculation, the priority order can be overridden with paren-
theses. For example, because exponentiation has higher priority than negation, the follow-
ing result would be obtained:

>> y = �4 ^ 2

y =
   �16

Thus, 4 is first squared and then negated. Parentheses can be used to override the priorities 
as in

>> y = (�4) ^ 2

y =
    16

Within each precedence level, operators have equal precedence and are evaluated from left 
to right. As an example,

>> 4^2^3
>> 4^(2^3)
>> (4^2)^3

2 Left division applies to matrix algebra. It will be discussed in detail later in this book.
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Roots and Optimization

	 2.1	 OVERVIEW

Years ago, you learned to use the quadratic formula

x�= ​​ � b ± ​�
________

 b2 �  4ac ​  ______________ 
2a

 ​​ 	 (PT2.1)

to solve

f(x) = ax2 + bx + c = 0	 (PT2.2)

The values calculated with Eq. (PT2.1) are called the “roots” of Eq. (PT2.2). They repre-
sent the values of x that make Eq. (PT2.2) equal to zero. For this reason, roots are some-
times called the zeros of the equation.

Although the quadratic formula is handy for solving Eq. (PT2.2), there are many other 
functions for which the root cannot be determined so easily. Before the advent of digi-
tal computers, there were a number of ways to solve for the roots of such equations. For 
some cases, the roots could be obtained by direct methods, as with Eq. (PT2.1). Although 

there were equations like this that could 
be solved directly, there were many more 
that could not. In such instances, the only 
alternative is an approximate solution 
technique.

One method to obtain an approxi-
mate solution is to plot the function and 
determine where it crosses the x axis. 
This point, which represents the x value 
for which f (x) = 0, is the root. Although 
graphical methods are useful for obtain-
ing rough estimates of roots, they are lim-
ited because of their lack of precision. An 
alternative approach is to use trial and 
error. This “technique” consists of guess-
ing a value of x and evaluating whether 
f (x) is zero. If not (as is almost always the 
case), another guess is made, and f (x) is 
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again evaluated to determine whether the new value provides a better estimate of the root. 
The process is repeated until a guess results in an f(x) that is close to zero.

Such haphazard methods are obviously inefficient and inadequate for the requirements 
of engineering and science practice. Numerical methods represent alternatives that are also 
approximate but employ systematic strategies to home in on the true root. As elaborated in 
the following pages, the combination of these systematic methods and computers makes 
the solution of most applied roots-of-equations problems a simple and efficient task.

Besides roots, another feature of interest to engineers and scientists are a function’s 
minimum and maximum values. The determination of such optimal values is referred to 
as optimization. As you learned in calculus, such solutions can be obtained analytically 
by determining the value at which the function is flat; that is, where its derivative is zero.  
Although such analytical solutions are sometimes feasible, most practical optimization prob-
lems require numerical, computer solutions. From a numerical standpoint, such optimization  
methods are similar in spirit to the root-location methods we just discussed. That is, both 
involve guessing and searching for a location on a function. The fundamental difference be-
tween the two types of problems is illustrated in Fig. PT2.1. Root location involves searching 
for the location where the function equals zero. In contrast, optimization involves searching 
for the function’s extreme points.

	 2.2	 PART ORGANIZATION

The first two chapters in this part are devoted to root location. Chapter 5 focuses on brack-
eting methods for finding roots. These methods start with guesses that bracket, or contain, 
the root and then systematically reduce the width of the bracket. Two specific methods are 
covered: bisection and false position. Graphical methods are used to provide visual insight 
into the techniques. Error formulations are developed to help you determine how much 
computational effort is required to estimate the root to a prespecified level of precision.	

Chapter 6 covers open methods. These methods also involve systematic trial-and-error 
iterations but do not require that the initial guesses bracket the root. We will discover that 
these methods are usually more computationally efficient than bracketing methods but 

Maximum

Minimum

0
Root

Root

Root

f (x)

x

f �(x) = 0
f �(x) > 0

f �(x) = 0
f �(x) < 0

f (x) = 0

FIGURE PT2.1
A function of a single variable illustrating the difference between roots and optima.
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that they do not always work. We illustrate several open methods including the fixed-point 
iteration, Newton-Raphson, and secant methods.

Following the description of these individual open methods, we then discuss a hybrid 
approach called Brent’s root-finding method that exhibits the reliability of the bracketing 
methods while exploiting the speed of the open methods. As such, it forms the basis for 
MATLAB’s root-finding function, fzero . After illustrating how fzero  can be used for en-
gineering and scientific problems solving, Chap. 6 ends with a brief discussion of special 
methods devoted to finding the roots of polynomials. In particular, we describe MATLAB’s 
excellent built-in capabilities for this task.

Chapter 7 deals with optimization. First, we describe two bracketing methods, golden-
section search and parabolic interpolation, for finding the optima of a function of a single 
variable. Then, we discuss a robust, hybrid approach that combines golden-section search 
and quadratic interpolation. This approach, which again is attributed to Brent, forms the 
basis for MATLAB’s one-dimensional root-finding function:fminbnd. After describing and 
illustrating fminbnd, the last part of the chapter provides a brief description of optimiza-
tion of multidimensional functions. The emphasis is on describing and illustrating the use 
of MATLAB’s capability in this area: the fminsearch  function. Finally, the chapter ends 
with an example of how MATLAB can be employed to solve optimization problems in  
engineering and science.
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An alternative way of looking at the problem involves subtracting �(t) from both sides 
to give a new function:

f(m) = ​​�
___

 ​ 
gm

 ___ cd
 ​ ​​ tanh ​​( ​�

___

 ​ 
gcd ___ m ​ ​ t  )​​ � �(t )� (5.2)

Now we can see that the answer to the problem is the value of m that makes the function 
equal to zero. Hence, we call this a “roots” problem. This chapter will introduce you to how 
the computer is used as a tool to obtain such solutions.

	 5.1	 ROOTS IN ENGINEERING AND SCIENCE

Although they arise in other problem contexts, roots of equations frequently occur in the 
area of design. Table 5.1 lists a number of fundamental principles that are routinely used 
in design work. As introduced in Chap. 1, mathematical equations or models derived from 
these principles are employed to predict dependent variables as a function of independent 
variables, forcing functions, and parameters. Note that in each case, the dependent vari-
ables reflect the state or performance of the system, whereas the parameters represent its 
properties or composition.

An example of such a model is the equation for the bungee jumper’s velocity. If the 
parameters are known, Eq. (5.1) can be used to predict the jumper’s velocity. Such com-
putations can be performed directly because � is expressed explicitly as a function of the 
model parameters. That is, it is isolated on one side of the equal sign.

However, as posed at the start of the chapter, suppose that we had to determine the 
mass for a jumper with a given drag coefficient to attain a prescribed velocity in a set time 
period. Although Eq. (5.1) provides a mathematical representation of the interrelationship 
among the model variables and parameters, it cannot be solved explicitly for mass. In such 
cases, m is said to be implicit.

TABLE 5.1    Fundamental principles used in design problems.

Fundamental 	 Dependent 	 Independent  
Principle 	 Variable	 Variable	 Parameters

Heat balance	 Temperature	 Time and position	 Thermal properties of material, system geometry
Mass balance	 Concentration or quantity 	 Time and position	 Chemical behavior of material, mass transfer,  
	 of mass		  system geometry
Force balance	 Magnitude and direction 	 Time and position	 Strength of material, structural properties, system 
	 of forces		  geometry
Energy balance	 Changes in kinetic and 	 Time and position	 Thermal properties, mass of material, system  
	 potential energy		  geometry
Newton’s laws of	 Acceleration, velocity,	 Time and position	 Mass of material, system geometry, dissipative  
motion	 or location		  parameters
Kirchhoff’s laws	 Currents and voltages	 Time	� Electrical properties (resistance, capacitance, 

inductance)
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This represents a real dilemma, because many design problems involve specifying the 
properties or composition of a system (as represented by its parameters) to ensure that it 
performs in a desired manner (as represented by its variables). Thus, these problems often 
require the determination of implicit parameters.

The solution to the dilemma is provided by numerical methods for roots of equations. 
To solve the problem using numerical methods, it is conventional to reexpress Eq. (5.1) 
by subtracting the dependent variable � from both sides of the equation to give Eq. (5.2). 
The value of m that makes f (m) = 0 is, therefore, the root of the equation. This value also 
represents the mass that solves the design problem.

The following pages deal with a variety of numerical and graphical methods for deter-
mining roots of relationships such as Eq. (5.2). These techniques can be applied to many 
other problems confronted routinely in engineering and science.

	 5.2	 GRAPHICAL METHODS

A simple method for obtaining an estimate of the root of the equation f (x) = 0 is to make 
a plot of the function and observe where it crosses the x axis. This point, which represents 
the x value for which f (x) = 0, provides a rough approximation of the root.

	E XAMPLE 5.1	 The Graphical Approach

Problem Statement.  Use the graphical approach to determine the mass of the bungee 
jumper with a drag coefficient of 0.25 kg/m to have a velocity of 36 m/s after 4 s of free 
fall. Note: The acceleration of gravity is 9.81 m/s2.

Solution.  The following MATLAB session sets up a plot of Eq. (5.2) versus mass:

>> cd = 0.25; g = 9.81; v = 36; t = 4;
>> mp = linspace(50,200);
>> fp = sqrt(g*mp/cd).*tanh(sqrt(g*cd./mp)*t)�  v;

>> plot(mp,fp),grid

Root

�5
50 100 150 200

�4

�3

�2

�1

0

1
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The function crosses the m axis between 140 and 150 kg. Visual inspection of the plot 
provides a rough estimate of the root of 145 kg (about 320 lb). The validity of the graphical 
estimate can be checked by substituting it into Eq. (5.2) to yield

>> sqrt(g*145/cd)*tanh(sqrt(g*cd/145)*t)�  v

ans =
    0.0456

which is close to zero. It can also be checked by substituting it into Eq. (5.1) along with the 
parameter values from this example to give

>> sqrt(g*145/cd)*tanh(sqrt(g*cd/145)*t)

ans =
   36.0456

which is close to the desired fall velocity of 36 m/s.

Graphical techniques are of limited practical value because they are not very precise. 
However, graphical methods can be utilized to obtain rough estimates of roots. These esti-
mates can be employed as starting guesses for numerical methods discussed in this chapter.

Aside from providing rough estimates of the root, graphical interpretations are useful 
for understanding the properties of the functions and anticipating the pitfalls of the numeri-
cal methods. For example, Fig. 5.1 shows a number of ways in which roots can occur (or 
be absent) in an interval prescribed by a lower bound xl and an upper bound xu. Figure 5.1b 
depicts the case where a single root is bracketed by negative and positive values of f (x). 
However, Fig. 5.1d, where f(xl ) and f(xu ) are also on opposite sides of the x axis, shows three 
roots occurring within the interval. In general, if f(xl ) and f(xu ) have opposite signs, there 
are an odd number of roots in the interval. As indicated by Fig. 5.1a and c, if f(xl ) and f(xu ) 
have the same sign, there are either no roots or an even number of roots between the values.

Although these generalizations are usually true, there are cases where they do not hold. 
For example, functions that are tangential to the x axis (Fig. 5.2a) and discontinuous func-
tions (Fig. 5.2b) can violate these principles. An example of a function that is tangential 
to the axis is the cubic equation f (x) = (x � 2)(x � 2)(x � 4). Notice that x = 2 makes two 
terms in this polynomial equal to zero. Mathematically, x = 2 is called a multiple root. 
Although they are beyond the scope of this book, there are special techniques that are 
expressly designed to locate multiple roots (Chapra and Canale, 2010).

The existence of cases of the type depicted in Fig. 5.2 makes it difficult to develop 
foolproof computer algorithms guaranteed to locate all the roots in an interval. However, 
when used in conjunction with graphical approaches, the methods described in the fol-
lowing sections are extremely useful for solving many problems confronted routinely by 
engineers, scientists, and applied mathematicians.

	 5.3	 BRACKETING METHODS AND INITIAL GUESSES

If you had a roots problem in the days before computing, you’d often be told to use “trial and 
error” to come up with the root. That is, you’d repeatedly make guesses until the function 
was sufficiently close to zero. The process was greatly facilitated by the advent of software 
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(a)

(c)

(d)

f(x)

x

x

x

xl xu

(b)

x

f(x)

f (x)

f (x)

FIGURE 5.1
Illustration of a number of general ways that a root may 
occur in an interval prescribed by a lower bound xl and 
an upper bound xu. Parts (a) and (c) indicate that if both 
f(xl) and f(xu) have the same sign, either there will be 
no roots or there will be an even number of roots within 
the interval. Parts (b) and (d) indicate that if the function 
has different signs at the end points, there will be an 
odd number of roots in the interval.

(a)

(b)

f(x)

f (x)

x

x

xl xu

FIGURE 5.2
Illustration of some exceptions to the general cases 
depicted in Fig. 5.1. (a) Multiple roots that occur when  
the function is tangential to the x axis. For this case, 
although the end points are of opposite signs, there are 
an even number of axis interceptions for the interval.  
(b)�Discontinuous functions where end points of opposite 
sign bracket an even number of roots. Special strategies 
are required for determining the roots for these cases.
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tools such as spreadsheets. By allowing you to make many guesses rapidly, such tools can 
actually make the trial-and-error approach attractive for some problems.

But, for many other problems, it is preferable to have methods that come up with the 
correct answer automatically. Interestingly, as with trial and error, these approaches require 
an initial “guess” to get started. Then they systematically home in on the root in an iterative 
fashion.

The two major classes of methods available are distinguished by the type of initial 
guess. They are

�-�� Bracketing methods. As the name implies, these are based on two initial guesses that 
“bracket” the root—that is, are on either side of the root.

�-�� Open methods. These methods can involve one or more initial guesses, but there is no 
need for them to bracket the root.

For well-posed problems, the bracketing methods always work but converge slowly 
(i.e., they typically take more iterations to home in on the answer). In contrast, the open 
methods do not always work (i.e., they can diverge), but when they do they usually con-
verge quicker.

In both cases, initial guesses are required. These may naturally arise from the physical 
context you are analyzing. However, in other cases, good initial guesses may not be obvi-
ous. In such cases, automated approaches to obtain guesses would be useful. The following 
section describes one such approach, the incremental search.

5.3.1  Incremental Search

When applying the graphical technique in Example 5.1, you observed that f (x) changed 
sign on opposite sides of the root. In general, if f (x) is real and continuous in the interval 
from xl to xu and f (xl) and f (xu) have opposite signs, that is,

f (xl ) f (xu ) < 0� (5.3)

then there is at least one real root between xl and xu.
Incremental search methods capitalize on this observation by locating an interval 

where the function changes sign. A potential problem with an incremental search is the 
choice of the increment length. If the length is too small, the search can be very time 
consuming. On the other hand, if the length is too great, there is a possibility that closely 
spaced roots might be missed (Fig. 5.3). The problem is compounded by the possible exis-
tence of multiple roots.

An M-file can be developed1 that implements an incremental search to locate the roots 
of a function func  within the range from xmin to xmax (Fig. 5.4). An optional argument ns 
allows the user to specify the number of intervals within the range. If ns is omitted, it is 
automatically set to 50. A for  loop is used to step through each interval. In the event that a 
sign change occurs, the upper and lower bounds are stored in an array xb.

1 This function is a modified version of an M-file originally presented by Recktenwald (2000).
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function xb = incsearch(func,xmin,xmax,ns)
% incsearch: incremental search root locator
%   xb = incsearch(func,xmin,xmax,ns):
%      finds brackets of x that contain sign changes
%      of a function on an interval
% input:
%   func = name of function 
%   xmin, xmax = endpoints of interval
%   ns = number of subintervals (default = 50)
% output:
%   xb(k,1) is the lower bound of the kth sign change
%   xb(k,2) is the upper bound of the kth sign change
%   If no brackets found, xb = [].

if nargin < 3, error('at least 3 arguments required'), end
if nargin < 4, ns = 50; end %if ns blank set to 50

% Incremental search
x = linspace(xmin,xmax,ns); 
f = func(x); 
nb = 0; xb = []; %xb is null unless sign change detected
for k = 1:length(x)�1
  if sign(f(k)) ~  = sign(f(k+1)) %check for sign change
    nb = nb + 1;
    xb(nb,1) = x(k);
    xb(nb,2) = x(k+1);
  end
end
if isempty(xb)    %display that no brackets were found
  disp('no brackets found')
  disp('check interval or increase ns')
else
  disp('number of brackets:') %display number of brackets
  disp(nb)
end

FIGURE 5.4
An M-file to implement an incremental search.

x6x0 x1 x2 x3 x4 x5

f (x)

x

FIGURE 5.3
Cases where roots could be missed because the incremental length of the search procedure 
is too large. Note that the last root on the right is multiple and would be missed regardless of 
the increment length.
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	E XAMPLE 5.2	 Incremental Search

Problem Statement.  Use the M-file incsearch  (Fig. 5.4) to identify brackets within the 
interval [3, 6] for the function:

f (x) = sin(10x) + cos(3x)� (5.4)

Solution.  The MATLAB session using the default number of intervals (50) is 

>> incsearch(@(x) sin(10*x)+cos(3*x),3,6)
number of brackets:
      5

ans =

    3.2449    3.3061
    3.3061    3.3673
    3.7347    3.7959
    4.6531    4.7143
    5.6327    5.6939

A plot of Eq. (5.4) along with the root locations is shown here.

3
�2

�1

0

1

2

3.5 4 4.5 5 5.5 6

Although five sign changes are detected, because the subintervals are too wide, the func-
tion misses possible roots at x � 4.25 and 5.2. These possible roots look like they might be 
double roots. However, by using the zoom in tool, it is clear that each represents two real 
roots that are very close together. The function can be run again with more subintervals 
with the result that all nine sign changes are located

>> incsearch(@(x) sin(10*x)  + cos(3*x),3,6,100)

number of brackets:
     9

ans =
    3.2424    3.2727
    3.3636    3.3939
    3.7273    3.7576
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    4.2121    4.2424
    4.2424    4.2727
    4.6970    4.7273
    5.1515    5.1818
    5.1818    5.2121
    5.6667    5.6970

3
�2

�1

0

1

2

3.5 4 4.5 5 5.5 6
 

	 The foregoing example illustrates that brute-force methods such as incremental search 
are not foolproof. You would be wise to supplement such automatic techniques with any 
other information that provides insight into the location of the roots. Such information can 
be found by plotting the function and through understanding the physical problem from 
which the equation originated.

	 5.4	 BISECTION

The bisection method is a variation of the incremental search method in which the interval 
is always divided in half. If a function changes sign over an interval, the function value at 
the midpoint is evaluated. The location of the root is then determined as lying within the 
subinterval where the sign change occurs. The subinterval then becomes the interval for 
the�next iteration. The process is repeated until the root is known to the required precision. 
A graphical depiction of the method is provided in Fig. 5.5. The following example goes 
through the actual computations involved in the method.

	E XAMPLE 5.3	 The Bisection Method

Problem Statement.  Use bisection to solve the same problem approached graphically in 
Example 5.1.

Solution.  The first step in bisection is to guess two values of the unknown (in the present 
problem, m) that give values for f(m) with different signs. From the graphical solution in 
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Example 5.1, we can see that the function changes sign between values of 50 and 200. The 
plot obviously suggests better initial guesses, say 140 and 150, but for illustrative purposes 
let’s assume we don’t have the benefit of the plot and have made conservative guesses. 
Therefore, the initial estimate of the root xr lies at the midpoint of the interval

xr = ​​ 50 + 200 ________ 
2
 ​​  = 125

Note that the exact value of the root is 142.7376. This means that the value of 125 calcu-
lated here has a true percent relative error of

​​|� t|​​ = | ​​ 142.7376 � 125  ______________ 
142.7376

 ​​  | × 100% = 12.43%

Next we compute the product of the function value at the lower bound and at the midpoint:

f (50) f (125) = �4.579(�0.409) = 1.871

which is greater than zero, and hence no sign change occurs between the lower bound and 
the midpoint. Consequently, the root must be located in the upper interval between 125 and 
200. Therefore, we create a new interval by redefining the lower bound as 125.

�6

�4

�2

0

2

50 100 150

First iteration

Second iteration

Third iteration

Fourth iteration

Root

f(m)

m

xl xr xu

xl xr xu

xl xr xu

xl xr xu

FIGURE 5.5
A graphical depiction of the bisection method. This plot corresponds to the first four iterations 
from Example 5.3.
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At this point, the new interval extends from xl = 125�to xu = 200. A revised root esti-
mate can then be calculated as

xr = ​​ 125 + 200 ________ 
2
 ​​  = 162.5

which represents a true percent error of ​​|� t|​​ = 13.85%. The process can be repeated to obtain 
refined estimates. For example,

f (125) f (162.5) = �0.409(0.359) = �0.147

Therefore, the root is now in the lower interval between 125 and 162.5. The upper bound is 
redefined as 162.5, and the root estimate for the third iteration is calculated as

xr = ​​ 125 + 162.5 ________ 
2
 ​​  = 143.75

which represents a percent relative error of �t = 0.709%. The method can be repeated until 
the result is accurate enough to satisfy your needs.

We ended Example 5.3 with the statement that the method could be continued to ob-
tain a refined estimate of the root. We must now develop an objective criterion for deciding 
when to terminate the method.

An initial suggestion might be to end the calculation when the error falls below some 
prespecified level. For instance, in Example 5.3, the true relative error dropped from 12.43 
to 0.709% during the course of the computation. We might decide that we should terminate 
when the error drops below, say, 0.5%. This strategy is flawed because the error estimates 
in the example were based on knowledge of the true root of the function. This would not be 
the case in an actual situation because there would be no point in using the method if we 
already knew the root.

Therefore, we require an error estimate that is not contingent on foreknowledge of the 
root. One way to do this is by estimating an approximate percent relative error as in [recall 
Eq. (4.5)]

​​|� a|​​ = | ​​ ​x​r​ 
 new​ � ​x​r​ 

 old​
 _________ 

​x​r​ 
 new​

 ​​  |100%� (5.5)

where ​​x​r​ 
 new​​ is the root for the present iteration and ​​x​r​ 

 old​​ is the root from the previous itera-
tion. When �a becomes less than a prespecified stopping criterion �s, the computation is 
terminated.

	E XAMPLE 5.4	 Error Estimates for Bisection

Problem Statement.  Continue Example 5.3 until the approximate error falls below a 
stopping criterion of �s = 0.5%. Use Eq. (5.5) to compute the errors.

Solution.  The results of the first two iterations for Example 5.3 were 125 and 162.5. Sub-
stituting these values into Eq. (5.5) yields

​​|� a|​​ = | ​​ 162.5 � 125 ___________ 
162.5

 ​​  | 100% = 23.08%
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Recall that the true percent relative error for the root estimate of 162.5 was 13.85%. There-
fore, ​​|� a|​​ is greater than ​​|� t|​​. This behavior is manifested for the other iterations:

Iteration 	 xl	 xu	 xr	 | � a| (%)	 | � t | (%)

�� ��� ���� ���� � �����
�� ���� ���� ������ ������ �����
�� ���� ������ ������� ������ ����
�� ���� ������� �������� ����� ����
�� �������� ������� ��������� ����� ����
�� ��������� ������� ��������� ����� ����
�� ��������� ������� ��������� ����� ����
�� ��������� ������� ��������� ����� ����

Thus after eight iterations ​​|� a|​​ finally falls below � s = 0.5%, and the computation can be 
terminated.
	 These results are summarized in Fig. 5.6. The “ragged” nature of the true error is due 
to the fact that, for bisection, the true root can lie anywhere within the bracketing interval. 
The true and approximate errors are far apart when the interval happens to be centered 
on�the true root. They are close when the true root falls at either end of the interval.
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Approximate error, �� a�

True error, �� t�
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FIGURE 5.6
Errors for the bisection method. True and approximate errors are plotted versus the number  
of iterations.

Although the approximate error does not provide an exact estimate of the true error, 
Fig. 5.6 suggests that ​​|� a|​​ captures the general downward trend of ​​|� t|​​. In addition, the plot 
exhibits the extremely attractive characteristic that ​​|� a|​​ is always greater than ​​|� t|​​. Thus, 
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when ​​|� a|​​ falls below � s, the computation could be terminated with confidence that the root 
is known to be at least as accurate as the prespecified acceptable level.

While it is dangerous to draw general conclusions from a single example, it can be 
demonstrated that ​​|� a|​​ will always be greater than ​​|� t|​​ for bisection. This is due to the fact 
that each time an approximate root is located using bisection as xr = (xl + xu )�2, we know 
that the true root lies somewhere within an interval of �x = xu � xl. Therefore, the root 
must lie within ±�x�2 of our estimate. For instance, when Example 5.4 was terminated, 
we could make the definitive statement that

xr = 143.1641 ± ​​ 143.7500 � 142.5781  __________________ 
2
 ​​  = 143.1641 ± 0.5859

In essence, Eq. (5.5) provides an upper bound on the true error. For this bound to 
be exceeded, the true root would have to fall outside the bracketing interval, which by 
definition could never occur for bisection. Other root-locating techniques do not always 
behave as nicely. Although bisection is generally slower than other methods, the neatness 
of its error analysis is a positive feature that makes it attractive for certain engineering and 
scientific applications.

Another benefit of the bisection method is that the number of iterations required to 
attain an absolute error can be computed a priori—that is, before starting the computation. 
This can be seen by recognizing that before starting the technique, the absolute error is

​​E​a​ 
 0
 ​​ = ​​x​u​ 

 0​​ �  ​​x​l​ 
 0​​ = �x 0

where the superscript designates the iteration. Hence, before starting the method we are at 
the “zero iteration.” After the first iteration, the error becomes

​​E​a​ 
 1​​ = ​​ �x

0
 ____ 

2
 ​​

Because each succeeding iteration halves the error, a general formula relating the error and 
the number of iterations n is

​​E​a​ 
 n​​ = ​​ �x

0
 ____ 

2n ​​

If Ea,d is the desired error, this equation can be solved for2

n = ​​ 
log(�x 0�E a,d )  ____________ 

log 2
 ​​  = log2​ ​(  ​ �x 0

 ____ 
Ea,d 

 ​  )​​� (5.6)

Let’s test the formula. For Example 5.4, the initial interval was �x 0 = 200 � 50 = 150. 
After eight iterations, the absolute error was

Ea = ​​ |143.7500 � 142.5781|  ___________________ 
2
 ​​  = 0.5859

We can substitute these values into Eq. (5.6) to give

n = log2(150�0.5859) = 8

2 MATLAB provides the log2  function to evaluate the base-2 logarithm directly. If the pocket calculator or 
computer language you are using does not include the base-2 logarithm as an intrinsic function, this equation 
shows a handy way to compute it. In general, logb(x) = log(x)�log(b).

cha97962_ch05_135-163.indd   150 08/11/16   3:23 pm



	 5.4	 BISECTION� 151

Thus, if we knew beforehand that an error of less than 0.5859 was acceptable, the formula 
tells us that eight iterations would yield the desired result.

Although we have emphasized the use of relative errors for obvious reasons, there 
will be cases where (usually through knowledge of the problem context) you will be able 
to specify an absolute error. For these cases, bisection along with Eq. (5.6) can provide a 
useful root-location algorithm.

5.4.1 MATLAB M-file: bisect

An M-file to implement bisection is displayed in Fig. 5.7. It is passed the function (func ) 
along with lower (xl ) and upper (xu) guesses. In addition, an optional stopping criterion (es)  

function [root,fx,ea,iter]=bisect(func,xl,xu,es,maxit,varargin)
% bisect: root location zeroes 
%   [root,fx,ea,iter]=bisect(func,xl,xu,es,maxit,p1,p2,...):
%       uses bisection method to find the root of func
% input:
%   func = name of function 
%   xl, xu = lower and upper guesses
%   es = desired relative error (default = 0.0001%)
%   maxit = maximum allowable iterations (default = 50)
%   p1,p2,... = additional parameters used by func
% output:
%   root = real root
%   fx = function value at root
%   ea = approximate relative error (%)
%   iter = number of iterations

if nargin<3,error('at least 3 input arguments required'),end
test = func(xl,varargin{:})*func(xu,varargin{:});
if test>0,error('no sign change'),end
if nargin<4|isempty(es), es=0.0001;end
if nargin<5|isempty(maxit), maxit=50;end
iter = 0; xr = xl; ea = 100;
while (1)
  xrold = xr;
  xr = (xl + xu)/2;
  iter = iter + 1;
  if xr ~  = 0,ea = abs((xr � xrold)/xr) * 100;end
  test = func(xl,varargin{:})*func(xr,varargin{:});
  if test < 0
    xu = xr;
  elseif test > 0
    xl = xr;
  else
    ea = 0;
  end
  if ea <= es | iter >= maxit,break,end
end
root = xr; fx = func(xr, varargin{:});

FIGURE 5.7
An M-file to implement the bisection method.
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and maximum iterations (maxit ) can be entered. The function first checks whether there 
are sufficient arguments and if the initial guesses bracket a sign change. If not, an error 
message is displayed and the function is terminated. It also assigns default values if maxit  
and es are not supplied. Then a while...break  loop is employed to implement the bisection 
algorithm until the approximate error falls below es or the iterations exceed maxit .

We can employ this function to solve the problem posed at the beginning of the chapter. 
Recall that you need to determine the mass at which a bungee jumper’s free-fall velocity 
exceeds 36 m/s after 4 s of free fall given a drag coefficient of 0.25 kg/m. Thus, you have to 
find the root of

f(m) = ​​�
______

 ​ 9.81m ______ 
0.25

 ​ ​​  tanh​​( ​�
_________

 ​ 
9.81(0.25)

 _________ m ​ ​  4 )​​ � 36

In Example 5.1 we generated a plot of this function versus mass and estimated that the root 
fell between 140 and 150 kg. The bisect  function from Fig. 5.7 can be used to determine 
the root with the following script

fm = @(m,cd,t,v) sqrt(9.81*m/cd)*tanh(sqrt(9.81*cd/m)*t)  �  v;
[mass fx ea iter]  = bisect(@(m) fm(m,0.25,4,36),40,200)

mass =
       142.7377
fx =
  4.6089e-007
ea =
   5.345e-005
iter =
    21

Thus, a result of m = 142.74 kg is obtained after 21 iterations with an approximate relative 
error of �a = 0.00005345%, and a function value close to zero.

	 5.5	 FALSE POSITION

False position (also called the linear interpolation method) is another well-known bracket-
ing method. It is very similar to bisection with the exception that it uses a different strategy 
to come up with its new root estimate. Rather than bisecting the interval, it locates the root 
by joining f (xl ) and f (xu ) with a straight line (Fig. 5.8). The intersection of this line with 
the x axis represents an improved estimate of the root. Thus, the shape of the function in-
fluences the new root estimate. Using similar triangles, the intersection of the straight line 
with the x axis can be estimated as (see Chapra and Canale, 2010, for details),

xr = xu �  ​​ 
f (xu )(xl � x u )  ___________ 
f (xl ) � f  (xu )

 ​​� (5.7)

This is the false-position formula. The value of xr computed with Eq. (5.7) then re-
places whichever of the two initial guesses, xl or xu, yields a function value with the same 
sign as f (xr). In this way the values of xl and xu always bracket the true root. The process 
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is repeated until the root is estimated adequately. The algorithm is identical to the one for 
bisection (Fig. 5.7) with the exception that Eq. (5.7) is used.

	E XAMPLE 5.5	 The False-Position Method

Problem Statement.  Use false position to solve the same problem approached graphi-
cally and with bisection in Examples 5.1 and 5.3.

Solution.  As in Example 5.3, initiate the computation with guesses of xl =  50 and  
xu =  200.

First iteration:

xl = 50	 f (xl ) = �4.579387

xu = 200	 f (xu) = 0.860291

xr = 200 �  ​​ 
0.860291(50 � 200)

  ___________________  
�4.579387 � 0.860291

 ​​ = 176.2773

which has a true relative error of 23.5%.

Second iteration:

f (xl) f (xr) = �2.592732

x

f (x)

f (xl)

f (xu)

xu

xl

xr

FIGURE 5.8
False position.
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Therefore, the root lies in the first subinterval, and xr becomes the upper limit for the next 
iteration, xu = 176.2773.

xl = 50	 f (xl ) = �4.579387

xu  = 176.2773	 f (xu) = 0.566174

xr = 176.2773 � ​​ 
0.566174(50 � 176.2773)

  ___________________  
�4.579387 � 0.566174

 ​​  = 162.3828

which has true and approximate relative errors of 13.76% and 8.56%, respectively. Addi-
tional iterations can be performed to refine the estimates of the root.

Although false position often performs better than bisection, there are other cases 
where it does not. As in the following example, there are certain cases where bisection 
yields superior results.

	E XAMPLE 5.6	 A Case Where Bisection Is Preferable to False Position

Problem Statement.  Use bisection and false position to locate the root of

f (x) = x10 � 1

between x = 0 and 1.3.

Solution.  Using bisection, the results can be summarized as

Iteration 	 xl	 xu	 xr	 � a (%)	 � t (%)

�� �� ���� ����� ������ ��
�� ����� ���� ������ ����� ���
�� ������ ���� ������� ����� ����
�� ������ ������� ��������  ���� ���
�� ������ �������� ��������� ���� ���

Thus, after five iterations, the true error is reduced to less than 2%. For false position, a 
very different outcome is obtained:

Iteration 	 xl	 xu	 xr	 � a (%)	 � t (%)

�� �� ���� �������� � ����
�� �������� ���� �������� ����� ����
�� �������� ���� �������� ����� ����
�� �������� ���� �������� ����� ����
�� �������� ���� �������� ����� ����

	 After five iterations, the true error has only been reduced to about 59%. Insight into 
these results can be gained by examining a plot of the function. As in Fig. 5.9, the curve 
violates the premise on which false position was based—that is, if f (xl) is much closer to 
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zero than f (xu ), then the root should be much closer to xl than to xu (recall Fig. 5.8). Because 
of the shape of the present function, the opposite is true.

The foregoing example illustrates that blanket generalizations regarding root- 
location methods are usually not possible. Although a method such as false position is 
often superior to bisection, there are invariably cases that violate this general conclusion. 
Therefore, in addition to using Eq. (5.5), the results should always be checked by substi-
tuting the root estimate into the original equation and determining whether the result is 
close to zero.

The example also illustrates a major weakness of the false-position method: its one-
sidedness. That is, as iterations are proceeding, one of the bracketing points will tend to 
stay fixed. This can lead to poor convergence, particularly for functions with significant 
curvature. Possible remedies for this shortcoming are available elsewhere (Chapra and 
Canale, 2010).

1.0

10

5

0

f (x)

x

FIGURE 5.9
Plot of f (x) = x10 � 1, illustrating slow convergence of the false-position method.
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P��� T����

Linear Systems

	 3.1	 OVERVIEW

What Are Linear Algebraic Equations?

In Part Two, we determined the value x that satisfied a single equation, f (x) = 0. Now, we 
deal with the case of determining the values x1, x2, . . . , xn that simultaneously satisfy a set 
of equations:

f1(x1,  x2, . . . , xn) = 0

f2(x1,  x2, . . . , xn) = 0
          .                .
          .                .
          .                .
fn(x1,  x2, . . . , xn) = 0

Such systems are either linear or nonlinear. In Part Three, we deal with linear algebraic 
equations that are of the general form

a11 x1 + a12 x2 + · · · + a1n xn = b1

a21 x1 + a22 x2 + · · · + a2n xn = b2
               .                     .� (PT3.1)
               .                       .
               .                     .
an1 x1 + an2 x2 + · · · + ann xn) = bn

where the a’s are constant coefficients, the b’s 
are�constants, the x’s are unknowns, and n is the 
number of equations. All other algebraic equa-
tions are nonlinear.

Linear Algebraic Equations in 
Engineering and Science

Many of the fundamental equations of engineering 
and science are based on conservation laws. Some 
familiar quantities that conform to such laws are 
mass, energy, and momentum. In mathematical 
terms, these principles lead to balance or continuity 
equations that relate system behavior as represented 
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Although multiplication is possible, matrix division is not a defined operation. How-
ever, if a matrix [A] is square and nonsingular, there is another matrix [A]�1 , called the 
inverse of [A], for which

[A][A] �1  = [A] �1 [A] = [I  ]

Thus, the multiplication of a matrix by the inverse is analogous to division, in the sense that 
a number divided by itself is equal to 1. That is, multiplication of a matrix by its inverse 
leads to the identity matrix.

The inverse of a 2 × 2 matrix can be represented simply by

[A]�1  = ​  1 ____________  a11a22 � a 12a21
 ​    

a22     �a 12

�a 21    a11

Similar formulas for higher-dimensional matrices are much more involved. Chapter 11 
will deal with techniques for using numerical methods and the computer to calculate the 
inverse for such systems.

The transpose of a matrix involves transforming its rows into columns and its columns 
into rows. For example, for the 3 × 3 matrix:

a11  a12  a13

[A] =   a21  a22  a23

a31  a32  a33

the transpose, designated [A]T, is defined as
a11  a21  a31

[A]T =  a12  a22  a32

a13  a23  a33

In other words, the element ai j of the transpose is equal to the aj i element of the original 
matrix.

The transpose has a variety of functions in matrix algebra. One simple advantage is 
that it allows a column vector to be written as a row, and vice versa. For example, if

      c1

{c} =  {c1 }      c1

then

{c} T = �c 1  c2  c3�

In addition, the transpose has numerous mathematical applications.
A permutation matrix (also called a transposition matrix) is an identity matrix with 

rows and columns interchanged. For example, here is a permutation matrix that is con-
structed by switching the first and third rows and columns of a 3 × 3 identity matrix:

[P] =  ​​
[

​
0
​ 

0
​ 

1
​ 0​  1​  0​ 

1
​ 

0
​ 

0
​
]

​​
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Left multiplying a matrix [A] by this matrix, as in [P][A], will switch the corresponding 
rows of [A]. Right multiplying, as in [A][P], will switch the corresponding columns. Here 
is an example of left multiplication:

0  0  1  2  � 7  4          5    1      9

[P] [A]  =  0  1  0  8    3  � 6   =   8    3  �6

1  0  0  5    1    9           2  � 7    4

The final matrix manipulation that will have utility in our discussion is augmentation. 
A matrix is augmented by the addition of a column (or columns) to the original matrix. For 
example, suppose we have a 3 × 3 matrix of coefficients. We might wish to augment this 
matrix [A] with a 3 × 3 identity matrix to yield a 3 × 6 dimensional matrix:

a11  a11  a11  1  0  0

a21  a21  a21  0  1  0

a31  a31  a31  0  0  1

Such an expression has utility when we must perform a set of identical operations on the 
rows of two matrices. Thus, we can perform the operations on the single augmented matrix 
rather than on the two individual matrices.

	E XAMPLE 8.1	 MATLAB Matrix Manipulations

Problem Statement.  The following example illustrates how a variety of matrix manipula-
tions are implemented with MATLAB. It is best approached as a hands-on exercise on the 
computer.

Solution.  Create a 3 × 3 matrix:

>> A = [1 5 6;7 4 2;�3 6 7]

A =
     1     5     6
     7     4     2
    �3     6     7

The transpose of [A] can be obtained using the ' operator:

>> A'

ans =
     1     7    �3
     5     4     6
     6     2     7

Next we will create another 3 × 3 matrix on a row basis. First create three row vectors:	

>> x = [8 6 9];
>> y = [�5 8 1];
>> z = [4 8 2];
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Then we can combine these to form the matrix:

>> B = [x; y; z]

B =
     8     6     9
    �5     8     1
     4     8     2

We can add [A] and [B] together:

>> C = A  + B

C =
     9    11    15
     2    12     3
     1    14     9

Further, we can subtract [B] from [C] to arrive back at [A]:

>> A = C  �  B

A =
     1     5     6
     7     4     2
    �3     6     7

Because their inner dimensions are equal, [A] and [B] can be multiplied

>> A *  B

ans =
     7    94    26
    44    90    71
   �26    86    �7

Note that [A] and [B] can also be multiplied on an element-by-element basis by including 
a period with the multiplication operator as in

>> A.*  B

ans =
     8    30    54
   �35    32     2
   �12    48    14

A 2 × 3 matrix can be set up

>> D = [1 4 3;5 8 1];

If [A] is multiplied times [D], an error message will occur

>> A*D

??? Error using ==> mtimes
Inner matrix dimensions must agree.
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However, if we reverse the order of multiplication so that the inner dimensions match, 
matrix multiplication works

>> D *  A

ans =

    20    39    35
    58    63    53

The matrix inverse can be computed with the inv  function:

>> AI = inv(A)

AI =

    0.2462    0.0154   �0.2154
   �0.8462    0.3846    0.6154
    0.8308   �0.3231   �0.4769

To test that this is the correct result, the inverse can be multiplied by the original matrix to 
give the identity matrix:

>> A *  AI

ans =

    1.0000   �0.0000   �0.0000
    0.0000    1.0000   �0.0000
    0.0000   �0.0000    1.0000

The eye function can be used to generate an identity matrix:

>> I = eye(3)

I =

     1     0     0
     0     1     0
     0     0     1

We can set up a permutation matrix to switch the first and third rows and columns of 
a 3 × 3 matrix as

>> P = [0 0 1;0 1 0;1 0 0]

P =

     0     0     1
     0     1     0
     1     0     0

We can then either switch the rows:

>> PA = P*A

PA =

    �3     6     7
     7     4     2
     1     5     6
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or the columns:

>> AP = A *  P

AP =

     6     5     1
     2     4     7
     7     6    �3

Finally, matrices can be augmented simply as in 

>> Aug = [A I]

Aug =

     1     5     6     1     0     0
     7     4     2     0     1     0
    �3     6     7     0     0     1

Note that the dimensions of a matrix can be determined by the size  function:

>> [n,m] = size(Aug)

n =
     3

m =
     6

8.1.3  Representing Linear Algebraic Equations in Matrix Form

It should be clear that matrices provide a concise notation for representing simultaneous 
linear equations. For example, a 3 × 3 set of linear equations,

a11x1 + a12x2 + a13x3 = b1

a21x1 + a22x2 + a23x3 = b2� (8.5)

a31x1 + a32x2 + a33x3 = b3

can be expressed as

[A]{ x} = {b} � (8.6)

where [A] is the matrix of coefficients:

a11  a12  a13

[A] =   a21  a22  a23

a31  a32  a33
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{b} is the column vector of constants:

{b} T = �b 1  b2  b3�

and {x} is the column vector of unknowns:

{x} T = �x 1  x2  x3�

Recall the definition of matrix multiplication [Eq. (8.4)] to convince yourself that 
Eqs.�(8.5) and (8.6) are equivalent. Also, realize that Eq. (8.6) is a valid matrix multiplica-
tion because the number of columns n of the first matrix [A] is equal to the number of rows 
n of the second matrix {x}.

This part of the book is devoted to solving Eq. (8.6) for {x}. A formal way to obtain a 
solution using matrix algebra is to multiply each side of the equation by the inverse of [A] 
to yield

[A]�1 [A]{x} = [A] �1 {b}

Because [A]�1 [A] equals the identity matrix, the equation becomes

{x} = [A] �1 {b}
�

(8.7)

Therefore, the equation has been solved for {x}. This is another example of how the in-
verse plays a role in matrix algebra that is similar to division. It should be noted that this 
is not a very efficient way to solve a system of equations. Thus, other approaches are em-
ployed in numerical algorithms. However, as discussed in Sec. 11.1.2, the matrix inverse 
itself has great value in the engineering analyses of such systems.

It should be noted that systems with more equations (rows) than unknowns (columns), 
m > n, are said to be overdetermined. A typical example is least-squares regression where 
an equation with n coefficients is fit to m data points (x, y). Conversely, systems with less 
equations than unknowns, m < n, are said to be underdetermined. A typical example of 
underdetermined systems is numerical optimization.

	 8.2	 SOLVING LINEAR ALGEBRAIC EQUATIONS WITH MATLAB

MATLAB provides two direct ways to solve systems of linear algebraic equations. The 
most efficient way is to employ the backslash, or “left-division,” operator as in

>> x = A\b

The second is to use matrix inversion:

>> x = inv(A)*b

As stated at the end of Sec. 8.1.3, the matrix inverse solution is less efficient than using the 
backslash. Both options are illustrated in the following example.

cha97962_ch08_223-247.indd   238 08/11/16   3:26 pm



	 8.2	 SOLVING LINEAR ALGEBRAIC EQUATIONS WITH MATLAB� 239

	E XAMPLE 8.2	 Solving the Bungee Jumper Problem with MATLAB

Problem Statement.  Use MATLAB to solve the bungee jumper problem described at the 
beginning of this chapter. The parameters for the problem are

		  Spring Constant 	 Unstretched Cord
Jumper	 Mass (kg)	 (N/m)	 Length (m)

Top (1)	 ��� ��� ��
Middle (2)	 ��� ���� ��
Bottom (3)	 ��� ��� ��

Solution.  Substituting these parameter values into Eq. (8.2) gives

     150    � 100       0      x1          588.6

� 100      150   � 50   { x2 }  =   {686.7 }
      0    � 50     50       x3         784.8

Start up MATLAB and enter the coefficient matrix�and�the�right‑hand‑side�vector:

>> K = [150 �100 0;�100 150 �50;0 �50 50]

K =
   150  �100     0
  �100   150   �50
     0   �50    50

>> mg = [588.6; 686.7; 784.8]

mg =
  588.6000
  686.7000
  784.8000

Employing left division yields

>> x = K\mg

x =
   41.2020
   55.9170
   71.6130

Alternatively, multiplying the inverse of the coefficient matrix by the right-hand-side vec-
tor gives the same result:

>> x = inv(K)*mg

x =
   41.2020
   55.9170
   71.6130
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PROBLEMS

8.1  Given a square matrix [A], write a single line MATLAB 
command that will create a new matrix [Aug] that consists of 
the original matrix [A] augmented by an identity matrix [I ].
8.2  A number of matrices are defined as

[A] =  ​​
[

​
4
​ 

7
​ 1​  2​ 

5
​ 

6
​
]

​​	 [B] =  ​​
[

​
4
​ 

3
​ 

7
​ 1​  2​  7​ 

2
​ 

0
​ 

4
​
]

​​

{C} = ​​
{

​
3
​ 6​ 

1
​
}

​​ [D] =  9     4   3  �6
 2  �1   7  5

[E ] =  ​​
[

​
1
​ 

5
​ 

8
​ 7​  2​  3​ 

4
​ 

0
​ 

6
​
]

​​

[F ] =  ​​[ ​3​  0​  1​ 
1
​ 

7
​ 

3
​] ​	​	 �G� = �7 6 4�

Answer the following questions regarding these matrices:
(a)	 What are the dimensions of the matrices?
(b)	 Identify the square, column, and row matrices.
(c)	 What are the values of the elements: a12, b23, d32, e22,  

f12, g12?
(d)	 Perform the following operations:

  (1) [E] + [B]	     (2) [A] + [F]	    (3) [B] � [E]

  (4) 7 × [B]	     (5) {C}T	    (6) [E] × [B]

  (7) [B] × [A]	     (8) [D]T 	    (9) [A] × {C}

(10) [I ] × [B]	   (11) [E]T × [E]	  (12) {C}T × {C}

8.3  Write the following set of equations in matrix form:

50 = 5x3 � 7x 2

4x2 + 7x3 + 30 = 0

x1 � 7x 3 = 40 � 3x 2 + 5x1

Use MATLAB to solve for the unknowns. In addition, use 
it to compute the transpose and the inverse of the coefficient 
matrix.
8.4  Three matrices are defined as

[A] =  ​​
[

​ 
6
​ 

�1
​ 12​  8​ 

�5
​ 

4
 ​
]

​​	 [B ] =  ​​[ ​ 4​  0​ 
0.5

​ 
2
​] ​​	 [C ] =  ​​[ ​2​  �2 ​ 

3
​ 

1
 ​] ​​

(a)	 Perform all possible multiplications that can be com-
puted between pairs of these matrices.

(b)	 Justify why the remaining pairs cannot be multiplied.

(c)	 Use the results of (a) to illustrate why the order of mul-
tiplication is important.

8.5  Solve the following system with MATLAB:

​​[ ​3 + 2i​  4​ 
�i

​ 
1
​] ​​ ​​{ ​

z1​ z2
​} ​​ = ​​{ ​2 + i​ 

3
 ​ } ​​

8.6  Develop, debug, and test your own M-file to multiply 
two matrices—that is, [X ] = [ Y ][Z ], where [Y ] is m by n 
and [Z ] is n by p. Employ for...end  loops to implement the 
multiplication and include error traps to flag bad cases. Test 
the program using the matrices from Prob. 8.4.
8.7  Develop, debug, and test your own M-file to gener-
ate the transpose of a matrix. Employ for...end  loops 
to implement the transpose. Test it on the matrices from 
Prob.�8.4.
8.8  Develop, debug, and test your own M-file function to 
switch the rows of a matrix using a permutation matrix. The 
first lines of the function should be as follows:

function B = permut(A,r1,r2)
% Permut: Switch rows of matrix A
% with a permutation matrix
% B = permut(A,r1,r2)
% input:
% A = original matrix
% r1, r2 = rows to be switched
% output:
% B = matrix with rows switched

Include error traps for erroneous inputs (e.g., user specifies 
rows that exceed the dimensions of the original matrix).
8.9  Five reactors linked by pipes are shown in Fig. P8.9. 
The rate of mass flow through each pipe is computed as the 
product of flow (Q) and concentration (c). At steady state, 
the mass flow into and out of each reactor must be equal. 
For� example, for the first reactor, a mass balance can be 
written as

Q01c01 + Q31c3 = Q15c1 + Q12c1

Write mass balances for the remaining reactors in Fig. P8.9 
and express the equations in matrix form. Then use MATLAB 
to solve for the concentrations in each reactor.
8.10  An important problem in structural engineering is 
that of finding the forces in a statically determinate truss 
(Fig.� P8.10). This type of structure can be described as a 
system of coupled linear algebraic equations derived from 
force balances. The sum of the forces in both horizontal and 
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vertical directions must be zero at each node, because the sys-
tem is at rest. Therefore, for node 1:

� FH = 0 = �F 1 cos 30° + F3 cos 60° + F1,h

� FV = 0 = �F 1 sin 30° � F 3 sin 60° + F1,�

for node 2:

� FH = 0 = F2 + F1 cos 30° + F2,h + H2

� FV = 0 = F1 sin 30° + F2, �  + V2

for node 3:

� FH = 0 = �F 2 � F 3 cos 60° + F3,h

� FV = 0 = F3 sin 60° + F3, �  + V3

where Fi,h is the external horizontal force applied to node i 
(where a positive force is from left to right) and Fi,�  is the ex-
ternal vertical force applied to node i (where a positive force 
is upward). Thus, in this problem, the 2000-N downward 
force on node 1 corresponds to Fi,�  = �2000. For this case, 
all other Fi,� ’s and Fi,h’s are zero. Express this set of linear 
algebraic equations in matrix form and then use MATLAB 
to solve for the unknowns.
8.11  Consider the three mass-four spring system in 
Fig.�P8.11. Determining the equations of motion from � Fx = 
max for each mass using its free-body diagram results in the 

Q15 = 3

Q25 = 1

Q23 = 1

Q55 = 2

Q54 = 2

Q12 = 3

Q31 = 1

c5

c2

c3

c1

Q34 = 8

c4

Q24 = 1 Q44 = 11Q01 = 5

c01 = 10

Q03 = 8

c03 = 20

FIGURE P8.9

60°

90°

30°

1

1000 N

2

V2

H2

F1 F3

F2

V3

3

FIGURE P8.10

k2 k3 k4k1

x1 x2 x3

m1 m2 m3

FIGURE P8.11
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following differential equations:

​​x ¨ ​​1 + ​​( ​ k1 + k2 ______ m1
  ​ )​​ x1 �  ​​( ​ k2 ___ m1

 ​ )​​ x2 = 0

​​x ¨ ​​2 �  ​​( ​ k2 ___ m2
 ​ )​​ x1 + ​​( ​ k2 + k3 ______ m2

  ​ )​​ x2 �  ​​( ​ k3 ___ m2
 ​ )​​ x3 = 0

​​x ¨ ​​3 �  ​​( ​ k3 ___ m3
 ​ )​​ x2 + ​​( ​ k3 + k4 ______ m3

  ​ )​​ x3 = 0

where k1 = k4 = 10 N/m, k2 = k3 = 30 N/m, and m1 = m2 = 
m3 = 1 kg. The three equations can be written in matrix form:

0 = {Acceleration vector}

       + [k�m matrix]{displacement vector x}

At a specific time where x1 = 0.05 m, x2 = 0.04 m, and 
x3 = 0.03 m, this forms a tridiagonal matrix. Use MATLAB 
to solve for the acceleration of each mass.
8.12  Perform the same computation as in Example 8.2, but 
use five jumpers with the following characteristics:

	 	 Spring 	 Unstretched  
	 Mass 	 Constant 	 Cord 
Jumper	 (kg)	 (N/m)	 Length (m)

�� ���   ��� ��
�� ���   ��� ��
�� ���   ��� ��
�� ��� ���� ��
�� ���   ��� ��

8.13  Three masses are suspended vertically by a series of 
identical springs where mass 1 is at the top and mass 3 is 
at the bottom. If g = 9.81 m/s2, m1 = 2 kg, m2 = 3 kg, m3 = 
2.5 kg, and the k’s = 10 kg/s2, use MATLAB to solve for the 
displacements x. 
8.14  Perform the same computation as in Sec. 8.3, but for 
the circuit in Fig. P8.14.
8.15  Perform the same computation as in Sec. 8.3, but for 
the circuit in Fig. P8.15.
8.16  Besides solving simultaneous equations, linear algebra 
has lots of other applications in engineering and science. An 
example from computer graphics involves rotating an ob-
ject in Euclidean space. The following rotation matrix can 
be employed to rotate a group of points counter-clockwise 
through an angle � about the origin of a Cartesian coordinate 
system,

R = ​​[ ​cos �​  �  sin � ​  
sin �

​ 
cos �

 ​] ​​

R = 7 �R = 8 � R = 10 �

R = 30 �3 2 1

4 5 6

R = 15 �

R = 35 �
V1 = 20 volts

V6 = 140 volts
R = 5 �

FIGURE P8.15

R = 20 �
V1 = 150 volts

V6 = 0 volts

3 2 1

4 5 6

R = 10 �

R = 2 � R = 5 �

R = 5 � R = 25 �

FIGURE P8.14
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8.3 CASE STUDYTo do this, each point’s position must be represented by a 
column vector �, containing the coordinates of the point. For 
example, here are vectors for the x and y coordinates of the 
rectangle in Fig. P8.16

x = [1 4 4 1]; y = [1 1 4 4];

The rotated vector is then generated with matrix multipli-
cation: [R]{�}. Develop a MATLAB function to perform 
this operation and display the initial and the rotated points 
as filled shapes on the same graph. Here is a script to test 
your function:

clc;clf;format compact
x = [1 4 4 1]; y = [1 1 4 4];
[xt, yt] = Rotate2D(45, x, y);

and here is a skeleton of the function

function [xr, yr] = Rotate2D(thetad, x, y)
% two dimensional rotation 2D rotate Cartesian
% [xr, yr] = rot2d(thetad, x, y)
% Rotation of a two-dimensional object the 
Cartesian coordinates
% of which are contained in the vectors x and y.
% input:
% thetad = angle of rotation (degrees)
% x = vector containing objects x coordinates
% y = vector containing objects y coordinates
% output:
% xr = vector containing objects rotated x 
coordinates
% yr = vector containing objects rotated y 
coordinates
 
% convert angle to radians and set up rotation 
matrix

� 	
� 	 ·
� 	

% close shape
�	
� 	 ·
� 	

% plot original object
hold on, grid on

� 	
� 	 ·
� 	

% rotate shape
�	
� 	 ·
� 	

% plot rotated object
� 	
� 	 ·
� 	

hold off

(1, 4)

(1, 1)

(4, 4)

(4,1)

y

x

FIGURE P8.16

cha97962_ch08_223-247.indd   247 08/11/16   3:26 pm





	 9.1	 SOLVING SMALL NUMBERS OF EQUATIONS� 249

The technique described in this chapter is called Gauss elimination because it involves 
combining equations to eliminate unknowns. Although it is one of the earliest methods 
for solving simultaneous equations, it remains among the most important algorithms in 
use today and is the basis for linear equation solving on many popular software packages 
including MATLAB.

	 9.1	 SOLVING SMALL NUMBERS OF EQUATIONS

Before proceeding to Gauss elimination, we will describe several methods that are ap-
propriate for solving small (n � 3) sets of simultaneous equations and that do not require a 
computer. These are the graphical method, Cramer’s rule, and the elimination of unknowns.

9.1.1  The Graphical Method

A graphical solution is obtainable for two linear equations by plotting them on Cartesian 
coordinates with one axis corresponding to x1 and the other to x2. Because the equations 
are linear, each equation will plot as a straight line. For example, suppose that we have the 
following equations:

3x1 + 2x2 = 18

�x 1 + 2x2 = 2

If we assume that x1 is the abscissa, we can solve each of these equations for x2:

x2 = � ​​ 3 __ 
2
 ​​ x1 + 9

x2 = ​​ 1 __ 
2
 ​​ x1 + 1

The equations are now in the form of straight lines—that is, x2 = (slope) x1 + intercept. 
When these equations are graphed, the values of x1 and x2 at the intersection of the lines 
represent the solution (Fig. 9.1). For this case, the solution is x1 = 4 and x2 = 3.

For three simultaneous equations, each equation would be represented by a plane in 
a three-dimensional coordinate system. The point where the three planes intersect would 
represent the solution. Beyond three equations, graphical methods break down and, conse-
quently, have little practical value for solving simultaneous equations. However, they are 
useful in visualizing properties of the solutions.

For example, Fig. 9.2 depicts three cases that can pose problems when solving sets of 
linear equations. Fig. 9.2a shows the case where the two equations represent parallel lines. 
For such situations, there is no solution because the lines never cross. Figure 9.2b depicts 
the case where the two lines are coincident. For such situations there is an infinite number 
of solutions. Both types of systems are said to be singular.

In addition, systems that are very close to being singular (Fig. 9.2c) can also cause 
problems. These systems are said to be ill-conditioned. Graphically, this corresponds to the 
fact that it is difficult to identify the exact point at which the lines intersect. Ill-conditioned 
systems will also pose problems when they are encountered during the numerical solution 
of linear equations. This is because they will be extremely sensitive to roundoff error.
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9.1.2  Determinants and Cramer’s Rule

Cramer’s rule is another solution technique that is best suited to small numbers of equa-
tions. Before describing this method, we will briefly review the concept of the determinant, 
which is used to implement Cramer’s rule. In addition, the determinant has relevance to the 
evaluation of the ill-conditioning of a matrix.

0 62 4
0

6

2

4

8

x2

x1

Solution: x1 = 4; x2 = 3

�x 1 +
 2x 2 =

 2

3x
1  + 2x

2  = 18

FIGURE 9.1
Graphical solution of a set of two simultaneous linear algebraic equations. The intersection of 
the lines represents the solution.

x1 +
 x2 =

 1 

x2 x2 x2

x1 x1 x1

x1 +
 x2 =

 � x1 +
 2x2 =

 2 

(a) (b) (c)

1
2� x1 +

 x2 =
 1.1 

x1 +
 x2 =

 1 

1
2�

x1 +
 x2 =

 1 

1
2�

2.3
5�

1
2�

1
2

FIGURE 9.2
Graphical depiction of singular and ill-conditioned systems: (a) no solution, (b) infinite solutions, and  
(c) ill-conditioned system where the slopes are so close that the point of intersection is difficult to detect visually.
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Determinants.  The determinant can be illustrated for a set of three equations:

[A]{x} = {b}

where [A] is the coefficient matrix

[A] =  
 a11  a12  a13

a21  a22  a23

a31  a32  a33

The determinant of this system is formed from the coefficients of [A] and is represented as

D =  
a11  a12  a13

a21  a22  a23

a31  a32  a33

Although the determinant D and the coefficient matrix [A] are composed of the same 
elements, they are completely different mathematical concepts. That is why they are dis-
tinguished visually by using brackets to enclose the matrix and straight lines to enclose the 
determinant. In contrast to a matrix, the determinant is a single number. For example, the 
value of the determinant for two simultaneous equations

D = 
 
a11  a12

a21  a22 

is calculated by

D = a11a22 � a 12a21

For the third-order case, the determinant can be computed as

D = a11  
a22  a23

a32  a33   
�               + � (9.1)

where the 2 × 2 determinants are called minors.

	 EXAMPLE 9.1	 Determinants

Problem Statement.  Compute values for the determinants of the systems represented in 
Figs. 9.1 and 9.2.

Solution.  For Fig. 9.1:

D = 
 
   3  2
�1   2   = 3(2) � 2(�1) = 8

For Fig. 9.2a:

D = 
 
� ​​ 1 _ 2 ​​  1

� ​​ 1 _ 
2
 ​​  1  

= �  ​​ 
1
 

__
 2 ​​ (1) �  1​​(  ​ �1  

___
 2 ​   )​​ = 0

For Fig. 9.2b:

D = 
 
� ​​ 1 _ 2 ​​  1

�1   2  
= �  ​​ 

1
 

__
 2 ​​ (2) � 1(�1) = 0

a12  
a21  a23

a31  a33  
a13  

a21  a22

a31  a32  

cha97962_ch09_248-273.indd   251 08/11/16   2:34 pm



252 	 Gauss Elimination

For Fig. 9.2c:

D = 
 
�  ​​ 1 _ 2 ​​    1

�  ​​ 2.3 _ 
5
 ​​  1  

= �  ​​ 
1
 

__
 2 ​​ (1) � 1

​
​(  ​ �2.3  ___ 

5
 ​   )​​ = �0.04

In the foregoing example, the singular systems had zero determinants. Additionally, 
the results suggest that the system that is almost singular (Fig. 9.2c) has a determinant 
that�is close to zero. These ideas will be pursued further in our subsequent discussion of 
ill ‑conditioning in Chap. 11.

Cramer’s Rule.  This rule states that each unknown in a system of linear algebraic equations 
may be expressed as a fraction of two determinants with denominator D and with the nu-
merator obtained from D by replacing the column of coefficients of the unknown in question 
by the constants b1, b2, . . . , bn. For example, for three equations, x1 would be computed as

x1 =  

 
b1  a12  a13

 b2  a22  a23

 b3  a32  a33

 D

	 EXAMPLE 9.2	 Cramer’s Rule

Problem Statement.  Use Cramer’s rule to solve

0.3x1 + 0.52x2 +     x3 = �0.01

0.5x1 +       x2 + 1.9x3 =     0.67

0.1x1 + 0.3  x2 + 0.5x3 = �0.44

Solution.  The determinant D can be evaluated as [Eq. (9.1)]:

D = 0.3 
     

1     1.9
 0.3  0.5                                              

=  �0.0022

The solution can be calculated as

x1 =

   
�0.01     0.52  1
  0.67      1   1.9
� 0.44    0.3  0.5   

�0.0022

x2 =

   
0.3  � 0.01   1
0.5      0.67  1.9
0.1  � 0.44  0.5   

�0.0022

x3 =

   
0.3  0.52  �0.01
0.5    1      0.67
0.1  0.3    �0.4 4   

�0.0022

= ​​ 0.03278 ________ 
�0.0022

 ​​ = � 14.9

= ​​ 0.0649 ________ 
�0.0022

 ​​ = � 29.5

= ​​ �0.04356 ________ 
�0.0022

 ​​ = 19.8

� 0.52 
     

0.5  1.9
       0.1  0.5   

+ 1 
   
0.5    1
 0.1  0.3   
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12.3  CASE STUDY	 continued

The function newtmult  (Fig. 12.4) can then be employed to determine the roots given initial 
guesses of x1 = x2 = 3:

>>> format short e, x0 =[3; 3];
>> [x,f,ea,iter]  = newtmult(@jfreact,x0)

x =
  3.3366e+000
  2.6772e+000

f =
 �7.1286e�017
  8.5973e�014

ea =
  5.2237e-010

iter =
     4

After four iterations, a solution of x1 = 3.3366 and x2 = 2.6772 is obtained. These values 
can then be substituted into Eq. (12.22) through (12.25) to compute the equilibrium con-
centrations of the four constituents:

ca = 50 �  2(3.3366) �  2.6772 = 40.6496

cb = 20 �  3.3366 = 16.6634

cc = 5 + 3.3366 + 2.6772 = 11.0138

cd = 10 �  2.6772 = 7.3228

Finally, the fsolve  function can also be used to obtain the solution by first writing a 
MATLAB file function to hold the system of nonlinear equations as a vector

function F  = myfun(x)
F = [(5+x(1)+x(2))/(50 � 2*x(1) � x(2))^2/(20 � x(1)) � 0.0004;...
     (5+x(1)+x(2))/(50 � 2*x(1) � x(2))/(10 � x(2)) � 0.037];

The solution can then be generated by

[x,fx] = fsolve(@myfun,[3;3])

with the result

x =
    3.3372
    2.6834
fx =
   1.0e � 04 *
    0.0041
    0.6087
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impose a downward velocity of 200 m/s on jumper 1 and an upward velocity of 100 m/s 
on jumper 3. (Safety tip: Don’t try this at home!) We then used MATLAB to solve the dif-
ferential equations [Eq. (8.1)] to generate the resulting positions and velocities as a function 
of time.1

As displayed in Fig. 13.1, the outcome is that the jumpers oscillate wildly. Because 
there are no friction forces (e.g., no air drag or spring dampening), they lurch up and down 
around their equilibrium positions in a persistent manner that at least visually borders on 
the chaotic. Closer inspection of the individual trajectories suggests that there may be some 
pattern to the oscillations. For example, the distances between peaks and troughs might be 
constant. But when viewed as a time series, it is difficult to perceive whether there is any-
thing systematic and predictable going on. 

In this chapter, we deal with one approach for extracting something fundamental out of 
such seemingly chaotic behavior. This entails determining the eigenvalues, or characteristic 
values, for such systems. As we will see, this involves formulating and solving systems of 
linear algebraic equations in a fashion that differs from what we’ve done to this point. To do 
this, let’s first describe exactly what is meant by eigenvalues from a mathematical standpoint.

FIGURE 13.1
The (a) positions and (b) velocities versus time for the system of three interconnected  
bungee jumpers from Example 8.2.

1 We will show how this is done when we cover ordinary differential equations in Part Six.
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Curve Fitting

	 4.1	 OVERVIEW

What Is Curve Fitting? 

Data are often given for discrete values along a continuum. However, you may require es-
timates at points between the discrete values. Chapters 14 through 18 describe techniques 
to fit curves to such data to obtain intermediate estimates. In addition, you may require a 
simplified version of a complicated function. One way to do this is to compute values of the 
function at a number of discrete values along the range of interest. Then, a simpler function 
may be derived to fit these values. Both of these applications are known as curve fitting.

There are two general approaches for curve fitting that are distinguished from each 
other on the basis of the amount of error associated with the data. First, where the data 
exhibit a significant degree of error or “scatter,” the strategy is to derive a single curve that 
represents the general trend of the data. Because any individual data point may be incor-
rect, we make no effort to intersect every point. Rather, the curve is designed to follow the 
pattern of the points taken as a group. One approach of�this nature is called least-squares 
regression (Fig.�PT4.1a).

Second, where the data are known to be very precise, the basic approach is to fit a curve or 
a series of curves that pass directly through each of the points. Such data usually originate from 

tables. Examples are values for the density of water  
or for the heat capacity of gases as a function of 
temperature. The estimation of values between 
well-known discrete points is called interpolation 
(Fig. PT4.1b and c).

Curve Fitting and Engineering and Science.  
Your first exposure to curve fitting may have 
been to determine intermediate values from 
tabulated data—for instance, from interest ta-
bles for engineering economics or from steam 
tables for thermodynamics. Throughout the re-
mainder of your career, you will have frequent 
occasion to estimate intermediate values from 
such tables.

Although many of the widely used 
engineering and scientific properties have been 
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tabulated, there are a great many more that are not available in this convenient form. Special 
cases and new problem contexts often require that you measure your own data and develop 
your own predictive relationships. Two types of applications are generally encountered 
when fitting experimental data: trend analysis and hypothesis testing.

Trend analysis represents the process of using the pattern of the data to make predic-
tions. For cases where the data are measured with high precision, you might utilize interpo-
lating polynomials. Imprecise data are often analyzed with least-squares regression.

Trend analysis may be used to predict or forecast values of the dependent variable. This 
can involve extrapolation beyond the limits of the observed data or interpolation within the 
range of the data. All fields of engineering and science involve problems of this�type.

A second application of experimental curve fitting is hypothesis testing. Here, an 
existing mathematical model is compared with measured data. If the model coefficients 
are unknown, it may be necessary to determine values that best fit the observed data. 
On the other hand, if estimates of the model coefficients are already available, it may be 

FIGURE PT4.1
Three attempts to fit a “best” curve through five data points: (a) least-squares regression,  
(b) linear interpolation, and (c) curvilinear interpolation.

f (x)

x

(a)

(b)

(c)

f (x)

x

f (x)

x
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appropriate to compare predicted values of the model with observed values to test the ad-
equacy of the model. Often, alternative models are compared and the “best” one is selected 
on the basis of empirical observations.

In addition to the foregoing engineering and scientific applications, curve fitting is 
important in other numerical methods such as integration and the approximate solution of 
differential equations. Finally, curve-fitting techniques can be used to derive simple func-
tions to approximate complicated functions.

	 4.2	 PART ORGANIZATION

After a brief review of statistics, Chap. 14 focuses on linear regression; that is, how to deter-
mine the “best” straight line through a set of uncertain data points. Besides discussing how to 
calculate the slope and intercept of this straight line, we also present quantitative and visual 
methods for evaluating the validity of the results. In addition, we describe random number 
generation as well as several approaches for the linearization of nonlinear equations.

Chapter 15 begins with brief discussions of polynomial and multiple linear regres-
sion. Polynomial regression deals with developing a best fit of parabolas, cubics, or 
higher-order polynomials. This is followed by a description of multiple linear regres-
sion, which is designed for the case where the dependent variable y is a linear function 
of two or more independent variables x1, x2, . . . , xm. This approach has special utility for 
evaluating experimental data where the variable of interest is dependent on a number of 
different factors. 

After multiple regression, we illustrate how polynomial and multiple regression are 
both subsets of a general linear least-squares model. Among other things, this will allow us 
to introduce a concise matrix representation of regression and discuss its general statistical 
properties. Finally, the last sections of Chap. 15 are devoted to nonlinear regression. This 
approach is designed to compute a least-squares fit of a nonlinear equation to data.

Chapter 16 deals with Fourier analysis which involves fitting periodic functions to 
data. Our emphasis will be on the fast Fourier transform or FFT. This method, which is 
readily implemented with MATLAB, has many engineering applications, ranging from 
vibration analysis of structures to signal processing.

In Chap. 17, the alternative curve-fitting technique called interpolation is described. 
As discussed previously, interpolation is used for estimating intermediate values between 
precise data points. In Chap. 17, polynomials are derived for this purpose. We introduce 
the basic concept of polynomial interpolation by using straight lines and parabolas to con-
nect points. Then, we develop a generalized procedure for fitting an nth-order polynomial. 
Two formats are presented for expressing these polynomials in equation form. The first, 
called Newton’s interpolating polynomial, is preferable when the appropriate order of the 
polynomial is unknown. The second, called the Lagrange interpolating polynomial, has 
advantages when the proper order is known beforehand. 

Finally, Chap. 18 presents an alternative technique for fitting precise data points. This 
technique, called spline interpolation, fits polynomials to data but in a piecewise fashion. 
As such, it is particularly well suited for fitting data that are generally smooth but exhibit 
abrupt local changes. The chapter ends with an overview of how piecewise interpolation is 
implemented in MATLAB.
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CHAPTER OBJECTIVES

Knowledge and understanding are prerequisites for the effective implementation of 
any tool. 

No matter how impressive your tool chest, you will be hard-pressed to repair a car 
if you do not understand how it works.

�-�� This is the first chapter objectives entry.
�-�� Second chapter objective entry, the entries use ic/lc per manuscript, the first and 

last entry have space above or below, middle entries do not.
�-�� Third chapter entry copy goes here.
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Linear Regression

14

CHAPTER OBJECTIVES

The primary objective of this chapter is to introduce you to how least-squares 
regression can be used to fit a straight line to measured data. Specific objectives and 
topics covered are

�-�� Familiarizing yourself with some basic descriptive statistics and the normal 
distribution.

�-�� Knowing how to compute the slope and intercept of a best-fit straight line with 
linear regression.

�-�� Knowing how to generate random numbers with MATLAB and how they can be 
employed for Monte Carlo simulations.

�-�� Knowing how to compute and understand the meaning of the coefficient of 
determination and the standard error of the estimate.

�-�� Understanding how to use transformations to linearize nonlinear equations so that 
they can be fit with linear regression.

�-�� Knowing how to implement linear regression with MATLAB.

YOU’VE GOT A PROBLEM 

In Chap. 1, we noted that a free-falling object such as a bungee jumper is subject to the 
upward force of air resistance. As a first approximation, we assumed that this force was 
proportional to the square of velocity as in

FU = cd �
2� (14.1)

where FU = the upward force of air resistance [N = kg m/s2], cd = a drag coefficient (kg/m), 
and �  = velocity [m/s].

Expressions such as Eq. (14.1) come from the field of fluid mechanics. Although such 
relationships derive in part from theory, experiments play a critical role in their formula-
tion. One such experiment is depicted in Fig. 14.1. An individual is suspended in a wind 
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tunnel (any volunteers?) and the force measured for various levels of wind velocity. The 
result might be as listed in Table 14.1.

The relationship can be visualized by plotting force versus velocity. As in Fig. 14.2, 
several features of the relationship bear mention. First, the points indicate that the force 
increases as velocity increases. Second, the points do not increase smoothly, but exhibit 
rather significant scatter, particularly at the higher velocities. Finally, although it may not 
be obvious, the relationship between force and velocity may not be linear. This conclusion 
becomes more apparent if we assume that force is zero for zero velocity. 

FIGURE 14.1
Wind tunnel experiment to measure how the force of air resistance depends on velocity.

FIGURE 14.2
Plot of force versus wind velocity for an object suspended in a wind tunnel.

1600
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0 20 40 60 80

�, m/ s

F
, N

TABLE 14.1  �  Experimental data for force (N) and velocity (m/s) from a wind tunnel experiment.

� , m/s	 ��� ��� ��� ��� ��� ��� ��� ��
F, N	 ��� ��� ���� ���� ���� ����� ���� ����
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In Chaps. 14 and 15, we will explore how to fit a “best” line or curve to such data. In 
so doing, we will illustrate how relationships like Eq. (14.1) arise from experimental data.

	 14.1	 STATISTICS REVIEW

Before describing least-squares regression, we will first review some basic concepts 
from�the field of statistics. These include the mean, standard deviation, residual sum of 
the�squares, and the normal distribution. In addition, we describe how simple descriptive 
statistics and distributions can be generated in MATLAB. If you are familiar with these 
subjects, feel free to skip the following pages and proceed directly to Sec. 14.2. If you 
are�unfamiliar with these concepts or are in need of a review, the following material is 
designed as a brief introduction.

14.1.1  Descriptive Statistics

Suppose that in the course of an engineering study, several measurements were made of a 
particular quantity. For example, Table 14.2 contains 24 readings of the coefficient of ther-
mal expansion of a structural steel. Taken at face value, the data provide a limited amount 
of information—that is, that the values range from a minimum of 6.395 to a maximum 
of 6.775. Additional insight can be gained by summarizing the data in one or more well-
chosen statistics that convey as much information as possible about specific characteristics of 
the data set. These descriptive statistics are most often selected to represent (1) the location of 
the center of the distribution of the data and (2) the degree of spread of the data set. 

Measure of Location.  The most common measure of central tendency is the arithmetic 
mean. The arithmetic mean (​​

_
 y​​) of a sample is defined as the sum of the individual data 

points ( yi ) divided by the number of points (n), or

​​
_
 y​​ = ​​ �  yi ____ n ​​ � (14.2)

where the summation (and all the succeeding summations in this section) is from i = 1 
through n.

There are several alternatives to the arithmetic mean. The median is the midpoint of a 
group of data. It is calculated by first putting the data in ascending order. If the number of 
measurements is odd, the median is the middle value. If the number is even, it is the arith-
metic mean of the two middle values. The median is sometimes called the 50th percentile.

The mode is the value that occurs most frequently. The concept usually has direct util-
ity only when dealing with discrete or coarsely rounded data. For continuous variables such 
as the data in Table 14.2, the concept is not very practical. For example, there are actually 

TABLE 14.2  �  Measurements of the coefficient of thermal expansion of structural steel.

������ ������ ������ ������ ������ �����
������ ������ ������ ������ ������ �����
������ ������ ������ ������ ������ �����
������ ������ ������ ������ ������ �����
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four modes for these data: 6.555, 6.625, 6.655, and 6.715, which all occur twice. If the num-
bers had not been rounded to 3 decimal digits, it would be unlikely that any of the values 
would even have repeated twice. However, if continuous data are grouped into equispaced 
intervals, it can be an informative statistic. We will return to the mode when we describe 
histograms later in this section.

Measures of Spread.  The simplest measure of spread is the range, the difference be-
tween the largest and the smallest value. Although it is certainly easy to determine, it is not 
considered a very reliable measure because it is highly sensitive to the sample size and is 
very sensitive to extreme values.

The most common measure of spread for a sample is the standard deviation (sy) about 
the mean:

sy = ​​�
_____

 ​ 
St _____ 

n �  1
 ​ ​​� (14.3)

where St is the total sum of the squares of the residuals between the data points and the 
mean, or

St = �  ( yi � ​​
_
 y​​)2� (14.4)

Thus, if the individual measurements are spread out widely around the mean, St (and, 
consequently, sy ) will be large. If they are grouped tightly, the standard deviation will be 
small. The spread can also be represented by the square of the standard deviation, which 
is called the variance:

​​s​y​ 2​​ = ​​ �  ( yi � ​
_
 y​)2

 _________ 
n � 1

 ​​ � (14.5)

Note that the denominator in both Eqs. (14.3) and (14.5) is n � 1. The quantity n � 1 is 
referred to as the degrees of freedom. Hence St and sy are said to be based on n � 1 degrees 
of freedom. This nomenclature derives from the fact that the sum of the quantities upon 
which St is based (i.e., ​​

_
 y​​ � y1, ​​

_
 y​​ � y2, . . . , ​​

_
 y​​ � yn ) is zero. Consequently, if ​​

_
 y​​ is known and 

n � 1 of the values are specified, the remaining value is fixed. Thus, only n � 1 of the val-
ues are said to be freely determined. Another justification for dividing by n � 1 is the fact 
that there is no such thing as the spread of a single data point. For the case where n = 1, 
Eqs. (14.3) and (14.5) yield a meaningless result of infinity.

We should note that an alternative, more convenient formula is available to compute 
the variance:

​​s​y​ 
2​​ = ​​ 

�  ​y​i​ 
2​ �  ​(  �  yi  )​2�n

  _____________ 
n � 1

 ​​ � (14.6)

This version does not require precomputation of ​​
_
 y​​ and yields an identical result as 

Eq.�(14.5).
A final statistic that has utility in quantifying the spread of data is the coefficient of 

variation (c.v.). This statistic is the ratio of the standard deviation to the mean. As such, it 
provides a normalized measure of the spread. It is often multiplied by 100 so that it can be 
expressed in the form of a percent:

c.v. = ​​ 
sy __ ​
_
 y​ ​​ × 100%� (14.7)
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	 EXAMPLE 14.1	 Simple Statistics of a Sample

Problem Statement.  Compute the mean, median, variance, standard deviation, and 
coefficient of variation for the data in Table 14.2.

Solution.  The data can be assembled in tabular form and the necessary sums computed as 
in Table 14.3.
	 The mean can be computed as [Eq. (14.2)],

​​
_
 y​​ = ​​ 158.4 _____ 

24
 ​​  = 6.6

Because there are an even number of values, the median is computed as the arithmetic 
mean of the middle two values: (6.605 + 6.615)�2 = 6.61.
	 As in Table 14.3, the sum of the squares of the residuals is 0.217000, which can be 
used to compute the standard deviation [Eq. (14.3)]:

sy = ​​�
________

 ​ 0.217000 ________ 
24 � 1

 ​ ​​  = 0.097133

TABLE 14.3  �  Data and summations for computing simple descriptive statistics for the 
coefficients of thermal expansion from Table 14.2.

i	  yi	 ( yi � y–)2	 y2
i

�� ������ �������� ������
�� ������ �������� ������
�� ������ �������� ������
�� ������ �������� ������
�� ������ �������� ������
�� ������ �������� ������
�� ������ �������� ������
�� ������ �������� ������
�� ������ �������� ������

��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������
��� ������ �������� ������

� 	 �������� �������� ��������
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the variance [Eq. (14.5)]:

​​s​y​ 
2​​ = (0.097133)2 = 0.009435

and the coefficient of variation [Eq. (14.7)]:

c.v. = ​​ 0.097133 ________ 
6.6

 ​​  × 100% = 1.47%

The validity of Eq. (14.6) can also be verified by computing

​​s​y​ 
2​​ = ​​ 

1045.657 � (158.400)2�24
   ______________________  

24 � 1
 ​​  = 0.009435

14.1.2  The Normal Distribution

Another characteristic that bears on the present discussion is the data distribution—that is, 
the shape with which the data are spread around the mean. A histogram provides a simple 
visual representation of the distribution. A histogram is constructed by sorting the mea-
surements into intervals, or bins. The units of measurement are plotted on the abscissa and 
the frequency of occurrence of each interval is plotted on the ordinate. 

As an example, a histogram can be created for the data from Table 14.2. The result 
(Fig. 14.3) suggests that most of the data are grouped close to the mean value of 6.6.  
Notice also, that now that we have grouped the data, we can see that the bin with the most 
values is from 6.6 to 6.64. Although we could say that the mode is the midpoint of this 
bin, 6.62, it is more common to report the most frequent range as the modal class interval.

If we have a very large set of data, the histogram often can be approximated by a 
smooth curve. The symmetric, bell-shaped curve superimposed on Fig. 14.3 is one such 
characteristic shape—the normal distribution. Given enough additional measurements, the 
histogram for this particular case could eventually approach the normal distribution.

5

4
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qu
en

cy

3

2

1

6.4 6.6 6.8
0

FIGURE 14.3
A histogram used to depict the distribution of data. As the number of data points increases, 
the histogram often approaches the smooth, bell-shaped curve called the normal distribution.
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The concepts of the mean, standard deviation, residual sum of the squares, and nor-
mal�distribution all have great relevance to engineering and science. A very simple exam-
ple is their use to quantify the confidence that can be ascribed to a particular measurement. 
If a quantity is normally distributed, the range defined by ​​

_
 y​​ � sy to ​​

_
 y​​ + sy will encompass 

approximately 68% of the total measurements. Similarly, the range defined by ​​
_
 y​​ � 2s y 

to ​​
_
 y​​ + 2sy�will encompass approximately 95%.
For example, for the data in Table 14.2, we calculated in Example 14.1 that ​​

_
 y​​ = 6.6 

and�sy = 0.097133. Based on our analysis, we can tentatively make the statement that 
approximately 95% of the readings should fall between 6.405734 and 6.794266. Because it 
is so far outside these bounds, if someone told us that they had measured a value of 7.35, we 
would suspect that the measurement might be erroneous.

14.1.3  Descriptive Statistics in MATLAB

Standard MATLAB has several functions to compute descriptive statistics.1 For example, 
the arithmetic mean is computed as mean ( x). If x is a vector, the function returns the mean of 
the vector’s values. If it is a matrix, it returns a row vector containing the arithmetic mean 
of each column of x. The following is the result of using mean and the other statistical func-
tions to analyze a column vector s that holds the data from Table 14.2:

>> format short g
>> mean(s),median(s),mode(s)

ans =
           6.6
ans =
          6.61
ans =
         6.555

>> min(s),max(s)

ans =
         6.395
ans =
         6.775

>> range = max(s) �  min(s)

range =
          0.38

>> var(s),std(s)

ans =
    0.0094348

ans =
      0.097133

These results are consistent with those obtained previously in Example 14.1. Note that 
although there are four values that occur twice, the mode function only returns the first of 
the values: 6.555.

1 MATLAB also offers a Statistics Toolbox that provides a wide range of common statistical tasks, from 
random number generation, to curve fitting, to design of experiments and statistical process control.
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14.5.2 MATLAB Functions: polyfit  and polyval

MATLAB has a built-in function polyfit  that fits a least-squares nth-order polynomial to 
data. It can be applied as in

>> p = polyfit( x, y, n)

where x and y are the vectors of the independent and the dependent variables, respectively, 
and n = the order of the polynomial. The function returns a vector p containing the poly-
nomial’s coefficients. We should note that it represents the polynomial using decreasing 
powers of x as in the following representation:

f (x) = p1x n + p2 x n� 1 + · · · + pn x + pn+1

Because a straight line is a first-order polynomial, polyfit(x,y,1)  will return the slope 
and the intercept of the best-fit straight line.

>> x = [10 20 30 40 50 60 70 80];
>> y = [25 70 380 550 610 1220 830 1450];
>> a = polyfit(x,y,1)

a =
   19.4702 �234.2857

Thus, the slope is 19.4702 and the intercept is � 234.2857.
Another function, polyval , can then be used to compute a value using the coefficients. 

It has the general format:

>> y = polyval( p, x)

where p = the polynomial coefficients, and y = the best-fit value at x. For example,

>> y = polyval(a,45)

y =
  641.8750

14.6  CASE STUDY	 ENZYME KINETICS

Background.   Enzymes act as catalysts to speed up the rate of chemical reactions in living 
cells. In most cases, they convert one chemical, the substrate, into another, the product. The 
Michaelis-Menten equation is commonly used to describe such reactions:

�  = ​​ 
� m [S]

 _______ 
ks + [S]

 ​​� (14.28)

where �  = the initial reaction velocity, � m = the maximum initial reaction velocity, [S] = 
substrate concentration, and ks = a half-saturation constant. As in Fig. 14.16, the equation 
describes a saturating relationship which levels off with increasing [S]. The graph also 
illustrates that the half-saturation constant corresponds to the substrate concentration at 
which the velocity is half the maximum.
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14.6  CASE STUDY	 continued

Although the Michaelis-Menten model provides a nice starting point, it has been 
refined and extended to incorporate additional features of enzyme kinetics. One simple 
extension involves so-called allosteric enzymes, where the binding of a substrate molecule 
at one site leads to enhanced binding of subsequent molecules at other sites. For cases with 
two interacting bonding sites, the following second-order version often results in a better fit:

�  = ​​ 
� m [S]2

 ________ 
​k​s​ 

2​ + [S]2
 ​​� (14.29)

This model also describes a saturating curve but, as depicted in Fig. 14.16, the squared 
concentrations tend to make the shape more sigmoid, or S-shaped.

Suppose that you are provided with the following data:

[S]	 ���� ���� �� ���� �� �� �  

� 	 ����� ����� ����� ������ ������ ����� ����

Employ linear regression to fit these data with linearized versions of Eqs. (14.28) and 
(14.29). Aside from estimating the model parameters, assess the validity of the fits with 
both statistical measures and graphs. 

Solution.   Equation (14.28), which is in the format of the saturation-growth-rate model 
(Eq. 14.24), can be linearized by inverting it to give [recall Eq. (14.27)]

​​ 1 __ �  ​​ = ​​ 1 ___ � m
 ​​ + ​​ 

ks ___ � m
 ​​ ​​ 1 ___ 
[S]

 ​​

FIGURE 14.16
Two versions of the Michaelis-Menten model of enzyme kinetics. 

�

� m

0.5� m

ks [S]

Second-order
Michaelis-Menten

model

Michaelis-Menten
model
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14.6  CASE STUDY	 continued

The linregr  function from Fig. 14.15 can then be used to determine the least-squares fit:
>> S = [1.3 1.8 3 4.5 6 8 9];
>> v  = [0.07 0.13 0.22 0.275 0.335 0.35 0.36];
>> [a,r2]  = linregr(1./S,1./v)

a =
   16.4022    0.1902
r2 =
    0.9344

The model coefficients can then be calculated as
>> vm = 1/a(2)

vm =
    5.2570

>> ks  = vm*a(1)

ks =
   86.2260

Thus, the best-fit model is

�  = ​​ 
5.2570[S]

 ____________  
86.2260 + [S]

 ​​

Although the high value of r 2 might lead you to believe that this result is accept-
able, inspection of the coefficients might raise doubts. For example, the maximum velocity 
(5.2570) is much greater than the highest observed velocity (0.36). In addition, the half-
saturation rate (86.2260) is much bigger than the maximum substrate concentration (9).

The problem is underscored when the fit is plotted along with the data. Figure 14.17a 
shows the transformed version. Although the straight line follows the upward trend, the 
data clearly appear to be curved. When the original equation is plotted along with the data 
in the untransformed version (Fig. 14.17b), the fit is obviously unacceptable. The data 
are clearly leveling off at about 0.36 or 0.37. If this is correct, an eyeball estimate would 
suggest that � m should be about 0.36, and ks should be in the range of 2 to 3.

Beyond the visual evidence, the poorness of the fit is also reflected by statistics like 
the coefficient of determination. For the untransformed case, a much less acceptable result 
of r2 = 0.6406 is obtained.

The foregoing analysis can be repeated for the second-order model. Equation (14.28) 
can also be linearized by inverting it to give

​​ 1 __ �  ​​ = ​​ 1 ___ � m
 ​​ + ​​ ​k​s​ 

2​ ___ � m
 ​​ ​​  1 ___ 
[S]2 ​​

The linregr  function from Fig. 14.15 can again be used to determine the least-squares fit:
>> [a,r2]=linregr(1./S.^2,1./v)

a =
   19.3760    2.4492
r2 =
    0.9929
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14.6  CASE STUDY	 continued

best-fit line follows a Gaussian distribution, and that the standard deviation is the same at 
every value of the dependent variable. These assumptions are rarely true after transforming 
data.

As a consequence of the last conclusion, some analysts suggest that rather than using 
linear transformations, nonlinear regression should be employed to fit curvilinear data. 
In this approach, a best-fit curve is developed that directly minimizes the untransformed 
residuals. We will describe how this is done in Chap. 15.

PROBLEMS

14.1  Given the data

0.90	 1.42	 1.30	 1.55	 1.63
1.32	 1.35	 1.47	 1.95	 1.66
1.96	 1.47	 1.92	 1.35	 1.05
1.85	 1.74	 1.65	 1.78	 1.71
2.29	 1.82	 2.06	 2.14	 1.27

Determine (a) the mean, (b) median, (c) mode, (d) range, 
(e)� standard deviation, (f)� variance, and (g) coefficient of 
variation.
14.2  Construct a histogram from the data from Prob. 14.1. 
Use a range from 0.8 to 2.4 with intervals of 0.2.
14.3  Given the data

29.65   28.55   28.65   30.15   29.35   29.75   29.25
30.65   28.15   29.85   29.05   30.25   30.85   28.75
29.65   30.45   29.15   30.45   33.65   29.35   29.75
31.25   29.45   30.15   29.65   30.55   29.65   29.25

Determine (a) the mean, (b) median, (c) mode, (d) range, 
(e)� standard deviation, (f)� variance, and (g) coefficient of 
variation.
(h)	 Construct a histogram. Use a range from 28 to 34 with 

increments of 0.4. 
(i)	 Assuming that the distribution is normal, and that your 

estimate of the standard deviation is valid, compute the 
range (i.e., the lower and the upper values) that encom-
passes 68% of the readings. Determine whether this is a 
valid estimate for the data in this problem.

14.4  Using the same approach as was employed to derive 
Eqs. (14.15) and (14.16), derive the least-squares fit of the 
following model:

y = a1x + e

That is, determine the slope that results in the least-squares 
fit for a straight line with a zero intercept. Fit the following 
data with this model and display the result graphically.

 x	 �� �� �� �� ��� ��� ��� ��� �� �
��y	 �� �� �� �� �� �� �� �� ��

14.5  Use least-squares regression to fit a straight line to

x	 �� �� �� �� �� ��� ��� ��� ��� �� �
y	 �� �� �� �� �� �� �� ��� ��� ��

Along with the slope and intercept, compute the standard 
error of the estimate and the correlation coefficient. Plot the 
data and the regression line. Then repeat the problem, but 
regress x versus y—that is, switch the variables. Interpret 
your results.
14.6  Fit a power model to the data from Table 14.1, but use 
natural logarithms to perform the transformations.
14.7  The following data were gathered to determine the  
relationship between pressure and temperature of a fixed 
volume of 1 kg of nitrogen. The volume is 10 m3.

T, °C	 � ��� �� ��� ��� ���� ���  
��p, N/m2	 ����� ����� ����� ������� �������������

Employ the ideal gas law pV = nRT to determine R on the 
basis of these data. Note that for the law, T must be expressed 
in kelvins.
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15

CHAPTER OBJECTIVES

This chapter takes the concept of fitting a straight line and extends it to (a)�fitting 
a polynomial and (b) fitting a variable that is a linear function of two or more 
independent variables. We will then show how such applications can be generalized 
and applied to a broader group of problems. Finally, we will illustrate how 
optimization techniques can be used to implement nonlinear regression. Specific 
objectives and topics covered are

�-�� Knowing how to implement polynomial regression.
�-�� Knowing how to implement multiple linear regression.
�-�� Understanding the formulation of the general linear least-squares model.
�-�� Understanding how the general linear least-squares model can be solved with 

MATLAB using either the normal equations or left division.
�-�� Understanding how to implement nonlinear regression with optimization 

techniques.

	 15.1	 POLYNOMIAL REGRESSION

In Chap.14, a procedure was developed to derive the equation of a straight line using the 
least-squares criterion. Some data, although exhibiting a marked pattern such as seen in 
Fig. 15.1, are poorly represented by a straight line. For these cases, a curve would be bet-
ter suited to fit the data. As discussed in Chap. 14, one method to accomplish this objec-
tive is�to use transformations. Another alternative is to fit polynomials to the data using 
polynomial regression.

The least-squares procedure can be readily extended to fit the data to a higher-order 
polynomial. For example, suppose that we fit a second-order polynomial or quadratic:

y = a0 + a1x + a2x
2 + e� (15.1)

General Linear Least-Squares and 
Nonlinear Regression
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15.6  CASE STUDY	 FITTING EXPERIMENTAL DATA

Background.   As mentioned at the end of Sec. 15.2, although there are many cases where 
a variable is linearly related to two or more other variables, multiple linear regression has 
additional utility in the derivation of multivariable power equations of the general form

y = a0​​x​1​ 
​a​ 1​​​ ​​x​2​ 

​a​ 2​​​ · · · ​​x​m​ ​a​ m​​​� (15.14)

Such equations are extremely useful when fitting experimental data. To do this, the equa-
tion is transformed by taking its logarithm to yield

log y = log a0 + a1 log x1 + a2 log x2 · · · + am log xm� (15.15)

Thus, the logarithm of the dependent variable is linearly dependent on the logarithms of 
the independent variables.

A simple example relates to gas transfer in natural waters such as rivers, lakes, 
and estuaries. In particular, it has been found that the mass-transfer coefficient of dis-
solved oxygen KL (m/d) is related to a river’s mean water velocity U (m/s) and depth 
H (m) by

KL = a0 ​​U​ ​a​ 1​​​ ​​H​ ​a​ 2​​​� (15.16)

Taking the common logarithm yields

log KL = log a0 + a1 logU + a2 log H� (15.17)

The following data were collected in a laboratory flume at a constant temperature 
of 20 °C:

U	 ���� �� ��� ���� �� ��� ���� �� ��
H	 ����� �����  ����� ���� ����  ���� ���� ���  �  ���
KL	 ����� ���� ��� ����� �� ��� ���� �� ��

Use these data and general linear least squares to evaluate the constants in Eq. (15.16).

Solution.   In a similar fashion to Example 15.3, we can develop a script to assign the data, 
create the [Z] matrix, and compute the coefficients for the least-squares fit:

% Compute best fit of transformed values
clc; format short g
U = [0.5 2 10 0.5 2 10 0.5 2 10]';
H = [0.15 0.15 0.15 0.3 0.3 0.3 0.5 0.5 0.5]';
KL = [0.48 3.9 57 0.85 5 77 0.8 9 92]';
logU = log10(U);logH  =log10(H);logKL=log10(KL);
Z = [ones(size(logKL)) logU logH];
a = (Z'*Z)\(Z'*logKL)
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15.6  CASE STUDY	 continued

with the result:

a =
   0.57627
   1.562
   0.50742

Therefore, the best-fit model is

log KL = 0.57627 + 1.562 log U + 0.50742 log H

or in the untransformed form (note, a0 = 100.57627 = 3.7694),

KL = 3.7694U1.5620 H 0.5074

The statistics can also be determined by adding the following lines to the script:

% Compute fit statistics
Sr =sum((logKL�Z*a).^2)
r2  =1�Sr/sum((logKL�mean(logKL)).^2)
syx =sqrt(Sr/(length(logKL)�length(a)))

Sr =
    0.024171
r2 =
    0.99619
syx =
     0.063471

Finally, plots of the fit can be developed. The following statements display the model 
predictions versus the measured values for KL. Subplots are employed to do this for both 
the transformed and untransformed versions.

%Generate plots
clf
KLpred = 10^a(1)*U.^a(2).*H.^a(3);
KLmin = min(KL);KLmax = max(KL);
dKL=(KLmax-KLmin)/100;
KLmod=[KLmin:dKL:KLmax];
subplot(1,2,1)
loglog(KLpred,KL,'ko',KLmod,KLmod,'k-')
axis square,title('(a) log-log plot’)
legend('model prediction','1:1
line','Location','NorthWest')
xlabel('log(K_L) measured'),ylabel('log(K_L) predicted')
subplot(1,2,2)
plot(KLpred,KL,'ko',KLmod,KLmod,'k�')
axis square,title('(b) untransformed plot')
legend('model prediction','1:1
line','Location','NorthWest')
xlabel('K_L measured'),ylabel('K_L predicted')
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15.6  CASE STUDY	 continued

The result is shown in Fig. 15.5.
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FIGURE 15.5
Plots of predicted versus measured values of the oxygen mass-transfer coefficient as 
computed with multiple regression. Results are shown for (a�) log transformed and (b) 
untransformed cases. The 1:1 line, which indicates a perfect correlation, is superimposed 
on both plots.

	PROBLEMS

15.1  Fit a parabola to the data from Table 14.1. Determine 
the r 2 for the fit and comment on the efficacy of the result.
15.2  Using the same approach as was employed to derive 
Eqs. (14.15) and (14.16), derive the least-squares fit of the 
following model:

y = a1 x + a2 x
2 + e

That is, determine the coefficients that result in the least-
squares fit for a second-order polynomial with a zero in-
tercept. Test the approach by using it to fit the data from 
Table�14.1.
15.3  Fit a cubic polynomial to the following data:

x	 �� �� �� �� �� �� ��� ��
y	 ���� ���� ���� ���� ���� ���� ���� ���

Along with the coefficients, determine r2 and sy� x.

15.4  Develop an M-file to implement polynomial re-
gression. Pass the M-file two vectors holding the x and y 
values along with the desired order m. Test it by solving 
Prob. 15.3.
15.5  For the data from Table P15.5, use polynomial 
regression to derive a predictive equation for dissolved oxy-
gen concentration as a function of temperature for the case 
where the chloride concentration is equal to zero. Employ a 
polynomial that is of sufficiently high order that the predic-
tions match the number of significant digits displayed in 
the table.
15.6  Use multiple linear regression to derive a predictive 
equation for dissolved oxygen concentration as a func-
tion of temperature and chloride based on the data from 
Table P15.5. Use the equation to estimate the concentration 
of dissolved oxygen for a chloride concentration of 15�g/L�at 
T = 12 °C. Note that the true value is 9.09 mg/L. Compute 

cha97962_ch15_385-403.indd   399 08/11/16   2:53 pm





















































16.7  CASE STUDY  ����SUNSPOTS

Background.   In 1848, Johann Rudolph Wolf devised a method for quantifying solar ac-
tivity by counting the number of individual spots and groups of spots on the sun’s surface. 
He computed a quantity, now called a Wolf sunspot number, by adding 10 times the num-
ber of groups plus the total count of individual spots. As in Fig. 16.13, the data set for the 
sunspot number extends back to 1700. On the basis of the early historical records, Wolf 
determined the cycle’s length to be 11.1 years. Use a Fourier analysis to confirm this result 
by applying an FFT to the data.

Solution.   The data for year and sunspot number are contained in a MATLAB file,  
sunspot.dat.  The following statements load the file and assign the year and number infor-
mation to vectors of the same name:

>> load sunspot.dat
>> year  = sunspot(:,1);number  = sunspot(:,2);

Before applying the Fourier analysis, it is noted that the data seem to exhibit an upward 
linear trend (Fig. 16.13). MATLAB can be used to remove this trend:

>> n = length(number);
>> a = polyfit(year,number,1);
>> lineartrend  = polyval(a,year);
>> ft  = number�lineartrend;

Next, the fft  function is employed to generate the DFT

F = fft(ft);

The power spectrum can then be computed and plotted

fs  = 1;
f  = (0:n/2)*fs/n;
pow = abs(F(1:n/2+1)).^2;

FIGURE 16.13 
Plot of Wolf sunspot number versus year. The dashed line indicates a mild, upward linear 
trend. 
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Polynomial Interpolation

17

CHAPTER OBJECTIVES

The primary objective of this chapter is to introduce you to polynomial interpolation. 
Specific objectives and topics covered are

�-�� Recognizing that evaluating polynomial coefficients with simultaneous equations 
is an ill-conditioned problem.

�-�� Knowing how to evaluate polynomial coefficients and interpolate with 
MATLAB’s polyfit  and polyval  functions.

�-�� Knowing how to perform an interpolation with Newton’s polynomial.
�-�� Knowing how to perform an interpolation with a Lagrange polynomial.
�-�� Knowing how to solve an inverse interpolation problem by recasting it as a roots 

problem.
�-�� Appreciating the dangers of extrapolation.
�-�� Recognizing that higher-order polynomials can manifest large oscillations.

YOU’VE GOT A PROBLEM

If we want to improve the velocity prediction for the free-falling bungee jumper, we might 
expand our model to account for other factors beyond mass and the drag coefficient. As 
was previously mentioned in Sec. 1.4, the drag coefficient can itself be formulated as a 

function of other factors such as the area of the jumper and characteristics such as the air’s 
density and viscosity.

Air density and viscosity are commonly presented in tabular form as a function of 
temperature. For example, Table 17.1 is reprinted from a popular fluid mechanics textbook 
(White, 1999).

Suppose that you desired the density at a temperature not included in the table. In 
such a case, you would have to interpolate. That is, you would have to estimate the value 
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17.2.4  MATLAB M-file: Newtint

It is straightforward to develop an M-file to implement Newton interpolation. As in Fig.�17.7, 
the first step is to compute the finite divided differences and store them in an array. The dif-
ferences are then used in conjunction with Eq. (17.18) to perform the interpolation.

An example of a session using the function would be to duplicate the calculation we 
just performed in Example 17.3:

>> format long
>> x = [1 4 6 5]';

function yint = Newtint(x,y,xx)
% Newtint: Newton interpolating polynomial
% yint = Newtint(x,y,xx): Uses an (n � 1)�order Newton
%   interpolating polynomial based on n data points (x, y)
%   to determine a value of the dependent variable (yint)
%   at a given value of the independent variable, xx.
% input:
%   x = independent variable
%   y = dependent variable
%   xx = value of independent variable at which
%        interpolation is calculated
% output:
%   yint = interpolated value of dependent variable

% compute the finite divided differences in the form of a
% difference table
n = length(x);
if length(y)~=n, error('x and y must be same length'); end
b = zeros(n,n);
% assign dependent variables to the first column of b.
b(:,1) = y(:);  % the (:) ensures that y is a column vector.
for j = 2:n
  for i = 1:n�j+1
    b(i,j) = (b(i+1,j�1)�b(i,j�1))/(x(i+j�1)�x(i));
  end
end
% use the finite divided differences to interpolate  
xt = 1;
yint = b(1,1);
for j = 1:n�1
  xt = xt*(xx�x(j));
  yint = yint+b(1,j+1)*xt;
end

FIGURE 17.7
An M-file to implement Newton interpolation.
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>> y = log(x);
>> Newtint(x,y,2)

ans =
   0.62876857890841

	 17.3	 LAGRANGE INTERPOLATING POLYNOMIAL

Suppose we formulate a linear interpolating polynomial as the weighted average of the two 
values that we are connecting by a straight line:

f (x) = L1 f (x1) + L2 f (x2)� (17.19)

where the L’s are the weighting coefficients. It is logical that the first weighting coefficient 
is the straight line that is equal to 1 at x1 and 0 at x2:

L1 = ​​ 
x � x 2 ______ x1 � x 2

 ​​

Similarly, the second coefficient is the straight line that is equal to 1 at x2 and 0 at x1:

L2 = ​​ 
x � x 1 ______ x2 � x 1

 ​​

Substituting these coefficients into Eq. (17.19) yields the straight line that connects the 
points (Fig. 17.8):

f1(x) = ​​ 
x � x 2 ______ x1 � x 2

 ​​  f (x1) + ​​ 
x � x 1 ______ x2 � x 1

 ​​  f (x2)� (17.20)

where the nomenclature f1(x) designates that this is a first-order polynomial. Equation (17.20) 
is referred to as the linear Lagrange interpolating polynomial.

The same strategy can be employed to fit a parabola through three points. For this case 
three parabolas would be used with each one passing through one of the points and equal-
ing zero at the other two. Their sum would then represent the unique parabola that connects 
the three points. Such a second-order Lagrange interpolating polynomial can be written as 

f2(x) = ​​ 
(x � x 2)(x � x 3)  ______________  

(x1 � x 2)(x1 � x 3)
 ​​  f (x1) + ​​ 

(x � x 1)(x � x 3)  ______________  
(x2 � x 1)(x2 � x 3)

 ​​  f (x2) 

      + ​​ 
(x � x 1)(x � x 2)  ______________  

(x3 � x 1)(x3 � x 2)
 ​​ f (x3)� (17.21)

Notice how the first term is equal to f (x1) at x1 and is equal to zero at x2 and x3. The other 
terms work in a similar fashion.

Both the first- and second-order versions as well as higher-order Lagrange polynomi-
als can be represented concisely as

fn�1 (x) =​​ �  
i=1

​ 
n
​   ​​Li (x) f (xi)� (17.22)
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where

Li (x) = ​​�  
j=1

​ 
n
 ​​​ ​​ 

x � x j ______ xi � x j
 ​​� (17.23)

where n = the number of data points and �  designates the “product of.”

	E XAMPLE 17.5	 Lagrange Interpolating Polynomial

Problem Statement.  Use a Lagrange interpolating polynomial of the first and second 
order to evaluate the density of unused motor oil at T = 15 °C based on the following data:

x1 = 0      f (x1) = 3.85

x2 = 20    f (x2) = 0.800

x3 = 40    f (x3) = 0.212

Solution.  The first-order polynomial [Eq. (17.20)] can be used to obtain the estimate at 
x = 15:

f1(x) = ​​ 15 � 20 _______ 
0 � 20

 ​​ 3.85 + ​​ 15 � 0 ______ 
20 � 0

 ​​ 0.800 = 1.5625

j �i

f (x2)

L2 f(x2)

L1 f(x1)

f(x)

f (x1)

x1 x2 x

FIGURE 17.8
A visual depiction of the rationale behind Lagrange interpolating polynomials. The figure 
shows the first-order case. Each of the two terms of Eq. (17.20) passes through one of the 
points and is�zero at the other. The summation of the two terms must, therefore, be the 
unique straight line that connects the two points.
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In a similar fashion, the second-order polynomial is developed as [Eq. (17.21)]

f2(x) = ​​ 
(15 � 20)(15 � 40)

  ________________  
(0 � 20)(0 � 40)

 ​​  3.85 + ​​ 
(15 � 0)(15 � 40)

  _______________  
(20 � 0)(20 � 40)

 ​​ 0.800

      + ​​ 
(15 � 0)(15 � 20)

  _______________  
(40 � 0)(40 � 20)

 ​​ 0.212 = 1.3316875

17.3.1  MATLAB M-file: Lagrange

It is straightforward to develop an M-file based on Eqs. (17.22) and (17.23). As in Fig.�17.9, 
the function is passed two vectors containing the independent (x) and the dependent (y) 
variables. It is also passed the value of the independent variable where you want to interpo-
late (xx). The order of the polynomial is based on the length of the x vector that is passed. 
If n values are passed, an (n � 1)th order polynomial is fit. 

function yint = Lagrange(x,y,xx)
% Lagrange: Lagrange interpolating polynomial
%   yint = Lagrange(x,y,xx): Uses an (n � 1)  �order
%     Lagrange interpolating polynomial based on n data points 
%     to determine a value of the dependent variable (yint) at
%     a given value of the independent variable, xx.
% input:
%   x = independent variable
%   y = dependent variable
%   xx = value of independent variable at which the
%        interpolation is calculated
% output:
%   yint = interpolated value of dependent variable

n = length(x);
if length(y)  ~ = n, error('x and y must be same length'); end
s = 0;
for i = 1:n
  product = y(i);
  for j = 1:n
    if i ~  = j
      product = product*(xx  �  x(j))/(x(i)  �x(j));
    end
  end
  s = s  + product;
end
yint = s;

FIGURE 17.9
An M-file to implement Lagrange interpolation.
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An example of a session using the function would be to predict the density of air at 
1�atm pressure at a temperature of 15 °C based on the first four values from Table 17.1. 
Because four values are passed to the function, a third-order polynomial would be imple-
mented by the Lagrange function to give:

>> format long
>> T = [�40 0 20 50];
>> d = [1.52 1.29 1.2 1.09];
>> density = Lagrange  (T,d,15)

density =
   1.22112847222222

	 17.4	 INVERSE INTERPOLATION

As the nomenclature implies, the f (x) and x values in most interpolation contexts are the 
dependent and independent variables, respectively. As a consequence, the values of the x’s 
are typically uniformly spaced. A simple example is a table of values derived for the function 
f (x) = 1� x:

x	 �� �� �� �� �� �� �
f (x)	 �� ���� ������� ����� ���� ������� ������

Now suppose that you must use the same data, but you are given a value for f (x) and 
must determine the corresponding value of x. For instance, for the data above, suppose that 
you were asked to determine the value of x that corresponded to f (x) = 0.3. For this case, 
because the function is available and easy to manipulate, the correct answer can be deter-
mined directly as x = 1�0.3 = 3.3333.

Such a problem is called inverse interpolation. For a more complicated case, you 
might be tempted to switch the f (x) and x values [i.e., merely plot x versus f (x)] and 
use an approach like Newton or Lagrange interpolation to determine the result. Unfor-
tunately, when you reverse the variables, there is no guarantee that the values along the 
new abscissa [the f (x)’s] will be evenly spaced. In fact, in many cases, the values will 
be “telescoped.” That is, they will have the appearance of a logarithmic scale with some 
adjacent points bunched together and others spread out widely. For example, for f (x) = 
1� x the result is

f (x)	 ������� ������� ���� ����� ������� ���� �
x	 �� �� �� �� �� �� �

Such nonuniform spacing on the abscissa often leads to oscillations in the resulting inter-
polating polynomial. This can occur even for lower-order polynomials. An alternative strategy 
is to fit an nth-order interpolating polynomial, fn (x), to the original data [i.e., with f (x) versus 
x]. In most cases, because the x’s are evenly spaced, this polynomial will not be ill-conditioned. 
The answer to your problem then amounts to finding the value of x that makes this polynomial 
equal to the given f (x). Thus, the interpolation problem reduces to a roots problem!

cha97962_ch17_429-452.indd   444 11/6/16   3:34 PM



	 17.5	E XTRAPOLATION AND OSCILLATIONS� 445

For example, for the problem just outlined, a simple approach would be to fit a qua-
dratic polynomial to the three points: (2, 0.5), (3, 0.3333), and (4, 0.25). The result would be

f2 (x) = 0.041667x2 � 0.375x + 1.08333

The answer to the inverse interpolation problem of finding the x corresponding to f (x) = 0.3 
would therefore involve determining the root of

0.3 = 0.041667x2 � 0.375x + 1.08333

For this simple case, the quadratic formula can be used to calculate

x = ​​ 
0.375 ± ​�

___________________________
   (�0.375) 2 � 4(0.041667)0.78333 ​
    ____________________________________   

2(0.041667)
 ​​  = ​​5.704158​ 

3.295842
​​

Thus, the second root, 3.296, is a good approximation of the true value of 3.333. If ad-
ditional accuracy were desired, a third- or fourth-order polynomial along with one of the 
root-location methods from Chaps. 5 or 6 could be employed.

	 17.5	 EXTRAPOLATION AND OSCILLATIONS

Before leaving this chapter, there are two issues related to polynomial interpolation that 
must be addressed. These are extrapolation and oscillations.

17.5.1  Extrapolation

Extrapolation is the process of estimating a value of f (x) that lies outside the range of the 
known base points, x1, x2, . . . , xn. As depicted in Fig. 17.10, the open-ended nature of 

f (x)

x

True
curve

Extrapolation
of interpolating
polynomial

Interpolation Extrapolation

x3x2x1

FIGURE 17.10
Illustration of the possible divergence of an extrapolated prediction. The extrapolation is 
based on fitting a parabola through the first three known points.
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extrapolation represents a step into the unknown because the process extends the curve 
beyond the known region. As such, the true curve could easily diverge from the predic-
tion. Extreme care should, therefore, be exercised whenever a case arises where one must 
extrapolate.

	E XAMPLE 17.6	 Dangers of Extrapolation

Problem Statement.  This example is patterned after one originally developed by 
Forsythe, Malcolm, and Moler.1 The population in millions of the United States from 1920 
to 2000 can be tabulated as

Date	 ����� ����� ����� ����� ����� ����� ����� ����� ����
Population	 ��������������������������������������������������������������

Fit a seventh-order polynomial to the first 8 points (1920 to 1990). Use it to compute the 
population in 2000 by extrapolation and compare your prediction with the actual result.

Solution.  First, the data can be entered as

>> t = [1920:10:1990];
>> pop = �[106.46 123.08 132.12 152.27 180.67 205.05 227.23  

  249.46];

The polyfit  function can be used to compute the coefficients
>> p = polyfit(t,pop,7)

However, when this is implemented, the following message is displayed:

Warning: �Polynomial is badly conditioned. Remove repeated data points or try centering 

and scaling as described in HELP POLYFIT.

We can follow MATLAB’s suggestion by scaling and centering the data values as in
>> ts = (t � 1955)/35;

Now polyfit  works without an error message:
>> p = polyfit(ts,pop,7);

We can then use the polynomial coefficients along with the polyval  function to predict the 
population in 2000 as

>> polyval(p,(2000  �  1955)/35)

ans =
  175.0800

which is much lower that the true value of 281.42. Insight into the problem can be gained 
by generating a plot of the data and the polynomial,

>> tt = linspace  (1920,2000);
>> pp = polyval(p,(tt  �  1955)/35);
>> plot(t,pop,'o',tt,pp)

1 Cleve Moler is one of the founders of The MathWorks, Inc., the makers of MATLAB.
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	 As in Fig. 17.11, the result indicates that the polynomial seems to fit the data nicely 
from 1920 to 1990. However, once we move beyond the range of the data into the realm of 
extrapolation, the seventh-order polynomial plunges to the erroneous prediction in 2000.

17.5.2  Oscillations

Although “more is better” in many contexts, it is absolutely not true for polynomial inter-
polation. Higher-order polynomials tend to be very ill-conditioned—that is, they tend to 
be highly sensitive to round off error. The following example illustrates this point nicely.

	E XAMPLE 17.7	 Dangers of Higher-Order Polynomial Interpolation 

Problem Statement.  In 1901, Carl Runge published a study on the dangers of higher-
order polynomial interpolation. He looked at the following simple-looking function:

f (x) = ​​  1 ________ 
1 + 25x2

 ​​� (17.24)

which is now called Runge’s function. He took equidistantly spaced data points from this 
function over the interval [–1, 1]. He then used interpolating polynomials of increasing 
order and found that as he took more points, the polynomials and the original curve dif-
fered considerably. Further, the situation deteriorated greatly as the order was increased. 
Duplicate Runge’s result by using the polyfit  and polyval  functions to fit fourth- and tenth-
order polynomials to 5 and 11 equally spaced points generated with Eq. (17.24). Create 
plots of your results along with the sampled values and the complete Runge’s function.

200019901980197019601950194019301920
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200

150

100

FIGURE 17.11
Use of a seventh-order polynomial to make a prediction of U.S. population in 2000  based on 
data from 1920 through 1990.
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Solution.  The five equally spaced data points can be generated as in 

>> x = linspace  (�1,1,5);
>> y = 1./(1  + 25*x.^2);

Next, a more finally spaced vector of xx values can be computed so that we can create a 
smooth plot of the results:
>> xx = linspace(�1,1);

Recall that linspace  automatically creates 100 points if the desired number of points is not 
specified. The polyfit  function can be used to generate the coefficients of the fourth-order 
polynomial, and the polval  function can be used to generate the polynomial interpolation 
at the finely spaced values of xx:

>> p = polyfit(x,y,4);
>> y4 = polyval(p,xx);

Finally, we can generate values for Runge’s function itself and plot them along with the 
polynomial fit and the sampled data:

>> yr = 1./(1  + 25*xx.^2);
>> plot(x,y,'o',xx,y4,xx,yr,'�  �')

As in Fig. 17.12, the polynomial does a poor job of following Runge’s function.
	 Continuing with the analysis, the tenth-order polynomial can be generated and plotted 
with

>> x = linspace(�1,1,11);
>> y = 1./(1  + 25*x.^2);

10.50�0.5�1
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�0.2

0
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0.8

�0.4

FIGURE 17.12
Comparison of Runge’s function (dashed line) with a fourth-order polynomial fit to 5 points  
sampled from the function.
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>> p = polyfit  (x,y,10);
>> y10 = polyval  (p,xx);
>> plot(x,y,'o',xx,y10,xx,yr,'�  �')

As in Fig. 17.13, the fit has gotten even worse, particularly at the ends of the interval!
	 Although there may be certain contexts where higher-order polynomials are neces-
sary, they are usually to be avoided. In most engineering and scientific contexts, lower-
order polynomials of the type described in this chapter can be used effectively to capture 
the curving trends of data without suffering from oscillations.

10.50�0.5�1

2
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0.5

1

1.5

�0.5

FIGURE 17.13
Comparison of Runge’s function (dashed line) with a tenth-order polynomial fit to 11 points 
sampled from the function.

PROBLEMS

17.1  The following data come from a table that was mea-
sured with high precision. Use the best numerical method 
(for this type of problem) to determine y at x = 3.5. Note that 
a polynomial will yield an exact value. Your solution should 
prove that your result is exact.

x	 �� ���� �� �� ���� ���� ��
  y	 ��� ������� ������ ���� ������ ����� �

17.2  Use Newton’s interpolating polynomial to determine y at 
x = 3.5 to the best possible accuracy. Compute the finite divided 
differences as in Fig. 17.5, and order your�points to attain op-
timal accuracy and convergence. That is, the points should be 
centered around and as close as possible to the unknown.

x	 �� �� ���� �� ���� �� �
  y	 �� ������� ������� ������� ������� ���������
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17.3  Use Newton’s interpolating polynomial to determine y at 
x = 8 to the best possible accuracy. Compute the finite divided 
differences as in Fig. 17.5, and order your points to attain op-
timal accuracy and convergence. That is, the points should be 
centered around and as close as possible to the unknown.

x	 �� �� �� ���� ��� ��� ��� ��
  y	 ���� ������ ���� ���� ����� ����� ���� ���

17.4  Given the data

x	 �� �� ���� �� �� �
 f (x)	 �� �� �� ���� �� �

(a)	 Calculate f (3.4) using Newton’s interpolating polynomi-
als of order 1 through 3. Choose the sequence of the points 
for your estimates to attain the best possible accuracy. 
That is, the points should be centered around and as close 
as possible to the unknown.

(b)	 Repeat (a) but use the Lagrange polynomial.
17.5  Given the data

x	 �� �� �� �� �
 f (x)	 ����� �� ����� ������ ��

Calculate f (4) using Newton’s interpolating polynomials of 
order 1 through 4. Choose your base points to attain good 
accuracy. That is, the points should be centered around and 
as close as possible to the unknown. What do your results 
indicate regarding the order of the polynomial used to gener-
ate the data in the table?
17.6  Repeat Prob. 17.5 using the Lagrange polynomial of 
order 1 through 3.
17.7  Table P15.5 lists values for dissolved oxygen concen-
tration in water as a function of temperature and chloride 
concentration.
(a)	 Use quadratic and cubic interpolation to determine the 

oxygen concentration for T = 12�°C and c = 10 g/L.
(b)	 Use linear interpolation to determine the oxygen con-

centration for T = 12�°C and c = 15 g/L.
(c)	 Repeat (b) but use quadratic interpolation.
17.8  Employ inverse interpolation using a cubic interpolat-
ing polynomial and bisection to determine the value of x that 
corresponds to f (x) = 1.7 for the following tabulated data:

x	 �� �� �� �� �� �� �
 f (x)	 ���� ���� ���� ���� ����� ���� �������

17.9  Employ inverse interpolation to determine the value of x 
that corresponds to f (x) = 0.93 for the following tabulated data:

x	 �� �� �� �� �� �
 f (x)	 �� ���� ���� ���� ��������� ��������

Note that the values in the table were generated with the 
function f (x) = x2�(1 + x 2). 
(a)	 Determine the correct value analytically.
(b)	 Use quadratic interpolation and the quadratic formula to 

determine the value numerically.
(c)	 Use cubic interpolation and bisection to determine the 

value numerically.
17.10  Use the portion of the given steam table for su-
perheated water at 200 MPa to find (a) the correspond-
ing entropy s for a specific volume � of 0.118 with linear 
interpolation, (b) the same corresponding entropy using qua-
dratic interpolation, and (c) the volume corresponding to an 
entropy of 6.45 using inverse interpolation.

�, m 3/kg	 �������� �������� �������
s, kJ/(kg K)	 ������� ������� ������

17.11  The following data for the density of nitrogen gas 
versus temperature come from a table that was measured 
with high precision. Use first- through fifth-order polynomi-
als to estimate the density at a temperature of 330 K. What 
is your best estimate? Employ this best estimate and inverse 
interpolation to determine the corresponding temperature.

T, K	 ���� ���� ���� ���� ���� ���
Density,	 ������ ������ ������ ������ ������ �����
    kg/m 3

17.12  Ohm’s law states that the voltage drop V across an 
ideal resistor is linearly proportional to the current i flowing 
through the resister as in V = i R, where R is the resistance. 
However, real resistors may not always obey Ohm’s law. 
Suppose that you performed some very precise experiments 
to measure the voltage drop and corresponding current for a 
resistor. The following results suggest a curvilinear relation-
ship rather than the straight line represented by Ohm’s law:

i	 ��� ��� ����� ���� �� �
V	 ����� ������ ������ ����� ����� ���

To quantify this relationship, a curve must be fit to the data. 
Because of measurement error, regression would typically be 
the preferred method of curve fitting for analyzing such ex-
perimental data. However, the smoothness of the relationship, 
as well as the precision of the experimental methods, suggests 
that interpolation might be appropriate. Use a fifth-order inter-
polating polynomial to fit the data and compute V for i = 0.10.
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17.13  Bessel functions often arise in advanced engineering 
analyses such as the study of electric fields. Here are some 
selected values for the zero-order Bessel function of the first 
kind

x	 ���� ���� ���� ���� ���
J1(x)	 ������� ������� ������� ������� ������

Estimate J1 (2.1) using third- and fourth-order interpolating 
polynomials. Determine the percent relative error for each 
case based on the true value, which can be determined with 
MATLAB’s built-in function besselj .
17.14  Repeat Example 17.6 but using first-, second-, 
third-, and fourth-order interpolating polynomials to pre-
dict the population in 2000 based on the most recent data. 
That is, for the linear prediction use the data from 1980 
and 1990, for the quadratic prediction use the data from 
1970, 1980, and 1990, and so on. Which approach yields 
the best result?
17.15  The specific volume of a superheated steam is listed 
in steam tables for various temperatures.

T, °C	 ���� ���� ���� ���� ���
�, L/kg 	 ������� ������� ������� ������ �������

Determine � at T = 400 ºC.
17.16  The vertical stress � z under the corner of a rectangular 
area subjected to a uniform load of intensity q is given by the 
solution of Boussinesq’s equation:

� = ​​ 
q
 ___ 

4�
 ​​  ​​[ ​​ ​​​ 2mn​�

__________
 m2 + n2 + 1 ​  ________________  

m2 + n2 + 1 + m2n2
 ​ ​ m

2 + n2 + 2 __________ 
m2 + n2+ 1

 ​​

	 +sin�1  ​​(   ​ 2mn ​�
__________

 m2 + n2 + 1 ​  ________________  
m2 + n2 + 1 + m2n2

 ​ )​​​ ​] ​​​
Because this equation is inconvenient to solve manually, it 
has been reformulated as

� z = q fz(m, n)

where fz(m, n) is called the influence value, and m and n are 
dimensionless ratios, with m = a� z and n = b� z and a and 
b are defined in Fig. P17.16. The influence value is then 
tabulated, a�portion of which is given in Table P17.16. If 
a� =� 4.6 and b = 14, use a third-order interpolating poly-
nomial to� compute � z at a depth 10 m below the cor-
ner of a rectangular footing that is subject to a total load 

of 100 t (metric tons). Express your answer in tonnes per 
square meter. Note that q is equal to the load per area.

TABLE P17.16

m	 n =  1.2	 n =  1.4	 n = 1.6

���� �������� �������� �������
���� �������� �������� �������
���� �������� �������� �������
���� �������� �������� �������
���� �������� �������� �������
���� �������� �������� �������
���� �������� �������� �������
���� �������� �������� �������

17.17  You measure the voltage drop V across a resistor for a 
number of different values of current i. The results are

i	 ���� ���� ���� ���� ���
V	 ������ ����� ����� ����� ���

Use first- through fourth-order polynomial interpolation to 
estimate the voltage drop for i = 2.3. Interpret your results.
17.18  The current in a wire is measured with great precision 
as a function of time:

t	 �� ������ ������ ������ �����
i	 �� ����� ����� ����� ������

Determine i at t = 0.23.
17.19  The acceleration due to gravity at an altitude y above 
the surface of the earth is given by

y, m	 �� ������� ������� ������� �������
g, m/s2	 ������� ������� ������� ������� ������

Compute g at y = 55,000 m.

FIGURE P17.16

b

z
a

� z
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17.20  Temperatures are measured at various points on a 
heated plate (Table P17.20). Estimate the temperature at 
(a)�x = 4, y = 3.2 and (b) x = 4.3, y = 2.7.

17.23  The following data comes from a table that was mea-
sured with high precision. Use the Newton interpolating 
polynomial to determine y at x = 3.5. Properly order all the 
points and then develop a divided difference table to com-
pute the derivatives. Note that a polynomial will yield an 
exact value. Your solution should prove that your result is 
exact.

x	 �� �� ���� �� ���� �� �
 y	 ��� ����� ������ ���� ������ ���� �

17.24  The following data are measured precisely:

T	 �� ���� ���� ���� �� ���
Z	 �� ������ ������� ������� ��� �������

(a) �Use Newton interpolating polynomials to determine z at 
t = 2.5. Make sure that you order your points to attain the 
most accurate results. What do your results tell you regard-
ing the order of the polynomial used to generate the data? 

(b) �Use a third-order Lagrange interpolating polynomial to 
determine y at t = 2.5. 

17.25  The following data for the density of water versus 
temperature come from a table that was measured with 
high precision. Use inverse interpolation to determine the 
temperature corresponding to a density of 0.999245 g/cm3. 
Base your estimate on a third-order interpolating polyno-
mial (Even though you’re doing this problem by hand, feel 
free to use the MATLAB polyfit  function to determine the 
polynomial.) Determine the root with the Newton-Raphson 
method (by hand) with an initial guess of T = 14 °C. Be care-
ful regarding roundoff errors.

T, °C	 �� �� �� ��� ��
Density,	 �������� �� �������� �������� �������
    g/cm3

TABLE P17.20  �T  emperatures (°C) at various points 
on a square heated plate.

	 x =  0	 x =  2	 x =  4	 x =  6	 x = 8

 y = 0 	 ������� ������ ������ ������ �����
 y = 2 	 ������ ������ ������ ������ �����
 y = 4 	 ������ ������ ������ ������ �����
 y = 6 	 ������ ������ ������ ������ �����
 y = 8 	 ������ ������ ������ ������ �����

17.21  Use the portion of the given steam table for su-
perheated H2O at 200 MPa to (a) find the corresponding 
entropy s for a specific volume � of 0.108 m3/kg with linear 
interpolation, (b) find the same corresponding entropy using 
quadratic interpolation, and (c) find the volume correspond-
ing to an entropy of 6.6 using inverse interpolation.

� (m 3/kg)	 �������� �������� �������
s (kJ/kg · K)	 ������� ������� ������

17.22  Develop an M-file function, that uses polyfit  and 
polyval  for polynomial interpolation. Here is the script you 
can use to test your function

clear,clc,clf,format compact
x = [1 2 4 8];
fx  = @(x) 10*exp(�0.2*x);
y = fx(x);
yint  = polyint(x,y,3)
ytrue  = fx(3)
et  = abs((ytrue  �  yint)  /  ytrue)*100.
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CHAPTER OBJECTIVES

Knowledge and understanding are prerequisites for the effective implementation of 
any tool. 

No matter how impressive your tool chest, you will be hard-pressed to repair a car 
if you do not understand how it works.

�-�� This is the first chapter objectives entry.
�-�� Second chapter objective entry, the entries use ic/lc per manuscript, the first and 

last entry have space above or below, middle entries do not.
�-�� Third chapter entry copy goes here.

453

18
Splines and Piecewise 
Interpolation

	 18.1	 INTRODUCTION TO SPLINES

In Chap. 17 (n �  1)th-order polynomials were used to interpolate between n data points. 
For example, for eight points, we can derive a perfect seventh-order polynomial. This 
curve would capture all the meanderings (at least up to and including seventh derivatives) 
suggested by the points. However, there are cases where these functions can lead to errone-
ous results because of round off error and oscillations. An alternative approach is to apply 
lower-order polynomials in a piecewise fashion to subsets of data points. Such connecting 
polynomials are called spline functions.

For example, third-order curves employed to connect each pair of data points are called 
cubic splines. These functions can be constructed so that the connections between adjacent 
cubic equations are visually smooth. On the surface, it would seem that the third-order  

CHAPTER OBJECTIVES

The primary objective of this chapter is to introduce you to splines. Specific objectives 
and topics covered are

�-�� Understanding that splines minimize oscillations by fitting lower-order  
polynomials to data in a piecewise fashion.

�-�� Knowing how to develop code to perform a table lookup.
�-�� Recognizing why cubic polynomials are preferable to quadratic and higher-order 

splines.
�-�� Understanding the conditions that underlie a cubic spline fit.
�-�� Understanding the differences between natural, clamped, and not-a-knot end 

conditions.
�-�� Knowing how to fit a spline to data with MATLAB’s built-in functions.
�-�� Understanding how multidimensional interpolation is implemented with MATLAB.
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454 	 SpLiNEs AND PiECEWisE INTERpOLATiON

approximation of the splines would be inferior to the seventh-order expression. You might 
wonder why a spline would ever be preferable.

Figure 18.1 illustrates a situation where a spline performs better than a higher-order 
polynomial. This is the case where a function is generally smooth but undergoes an abrupt 
change somewhere along the region of interest. The step increase depicted in Fig. 18.1 is 
an extreme example of such a change and serves to illustrate the point.

Figure 18.1a through c illustrates how higher-order polynomials tend to swing through 
wild oscillations in the vicinity of an abrupt change. In contrast, the spline also connects 
the�points, but because it is limited to lower-order changes, the oscillations are kept to a 

(a)

f (x)

x0

(b)

f (x)

x0

(c)

f (x)

x0

(d)

f (x)

x0

FIGURE 18.1
A visual representation of a situation where splines are superior to higher-order interpolating 
polynomials. The function to be fit undergoes an abrupt increase at x = 0. Parts (a) through  
(c) indicate that the abrupt change induces oscillations in interpolating polynomials. In contrast, 
because it is limited to straight-line connections, a linear spline (d) provides a much more  
acceptable approximation.
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	 18.2	L INEAR SPLINES� 455

minimum. As such, the spline usually provides a superior approximation of the behavior of 
functions that have local, abrupt changes.

The concept of the spline originated from the drafting technique of using a thin, flexible 
strip (called a spline) to draw smooth curves through a set of points. The process is depicted 
in Fig. 18.2 for a series of five pins (data points). In this technique, the drafter places paper 
over a wooden board and hammers nails or pins into the paper (and board) at the location of 
the data points. A smooth cubic curve results from interweaving the strip between the pins. 
Hence, the name “cubic spline” has been adopted for polynomials of this type.

In this chapter, simple linear functions will first be used to introduce some basic con-
cepts and issues associated with spline interpolation. Then we derive an algorithm for fitting 
quadratic splines to data. This is followed by material on the cubic spline, which is the most 
common and useful version in engineering and science. Finally, we describe MATLAB’s 
capabilities for piecewise interpolation including its ability to generate splines.

	 18.2	 LINEAR SPLINES

The notation used for splines is displayed in Fig. 18.3. For n data points (i = 1, 2, . . . , n),  
there are n �  1 intervals. Each interval i has its own spline function, si (x). For linear splines, 
each function is merely the straight line connecting the two points at each end of the  
interval, which is formulated as

si (x) = ai + bi (x � x i )� (18.1)

where ai is the intercept, which is defined as

ai =  fi� (18.2)

and bi is the slope of the straight line connecting the points:

bi = ​​ 
fi+1 � f i ________ xi+1 � x i

 ​​� (18.3)

FIGURE 18.2
The drafting technique of using a spline to draw smooth curves through a series of points. 
Notice how, at the end points, the spline straightens out. This is called a “natural” spline.
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where fi�is shorthand for f  (xi ). Substituting Eqs. (18.1) and (18.2) into Eq. (18.3) gives

si (x) =  fi + ​​ 
fi+1 � f i _______ xi+1 � x i

 ​​ (x � x i)� (18.4)

These equations can be used to evaluate the function at any point between x1 and xn 
by first locating the interval within which the point lies. Then the appropriate equation is 
used to determine the function value within the interval. Inspection of Eq. (18.4) indicates 
that the linear spline amounts to using Newton’s first-order polynomial [Eq. (17.5)] to 
interpolate within each interval.

	E XAMPLE 18.1	 First-Order Splines

Problem Statement.  Fit the data in Table 18.1 with first-order splines. Evaluate the 
function at x = 5.

TABLE 18.1  D  ata to be fit with spline functions.

i	 xi	 fi

�� ���� ���
�� ���� ���
�� ���� ���
�� ���� ���

Solution.  The data can be substituted into Eq. (18.4) to generate the linear spline functions. 
For example, for the second interval from x = 4.5 to x = 7, the function is

s2(x) = 1.0 + ​​ 2.5 � 1.0 ________ 
7.0 � 4.5

 ​​ (x � 4.5)

sn�1 (x)

x

Interval
1

f (x)
s1(x)

x1 x2 xi xi+1 xn�1
xn

f1 fi fi+1

f2

Interval
i

Interval
n � 1

si(x)

fn�1

fn

FIGURE 18.3
Notation used to derive splines. Notice that there are n � 1 intervals and n data points.
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	 18.2	L INEAR SPLINES� 457

The equations for the other intervals can be computed, and the resulting first-order splines 
are plotted in Fig. 18.4a. The value at x = 5 is 1.3.

s2(x) = 1.0 + ​​ 2.5 � 1.0 ________ 
7.0 � 4.5

 ​​ (5 � 4.5) = 1.3

Visual inspection of Fig. 18.4a indicates that the primary disadvantage of first-order 
splines is that they are not smooth. In essence, at the data points where two splines meet 
(called a knot), the slope changes abruptly. In formal terms, the first derivative of the func-
tion is discontinuous at these points. This deficiency is overcome by using higher-order 
polynomial splines that ensure smoothness at the knots by equating derivatives at these 
points, as will be discussed subsequently. Before doing that, the following section provides 
an application where linear splines are useful.

(a)

x

(b)

2

0

f (x)

x

2

0
2 4 6 8 10

f (x)

(c)

2

0

f (x)

x

First-order
spline

Second-order
spline

Interpolating
cubic

Cubic
spline

FIGURE 18.4
Spline fits of a set of four points. (a) Linear spline, (b) quadratic spline, and (c) cubic spline, 
with a cubic interpolating polynomial also plotted.
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18.2.1  Table Lookup

A table lookup is a common task that is frequently encountered in engineering and 
science computer applications. It is useful for performing repeated interpolations from 
a table of independent and dependent variables. For example, suppose that you would 
like to set up an M-file that would use linear interpolation to determine air density at a 
particular temperature based on the data from Table 17.1. One way to do this would be 
to pass the M-file the temperature at which you want the interpolation to be performed 
along with the two adjoining values. A more general approach would be to pass in vec-
tors containing all the data and have the M-file determine the bracket. This is called a 
table lookup.

Thus, the M-file would perform two tasks. First, it would search the independent vari-
able vector to find the interval containing the unknown. Then it would perform the linear 
interpolation using one of the techniques described in this chapter or in Chap. 17.

For ordered data, there are two simple ways to find the interval. The first is called a 
sequential search. As the name implies, this method involves comparing the desired value 
with each element of the vector in sequence until the interval is located. For data in ascend-
ing order, this can be done by testing whether the unknown is less than the value being as-
sessed. If so, we know that the unknown falls between this value and the previous one that 
we examined. If not, we move to the next value and repeat the comparison. Here is a simple 
M-file that accomplishes this objective:

function yi = TableLook(x, y, xx)

n = length(x);
if xx < x(1) | xx > x(n)
  error('Interpolation outside range')
end
% sequential search
i = 1;
while(1)
  if xx <  = x(i + 1), break, end
  i = i + 1;
end
% linear interpolation
yi = y(i) + (y(i  + 1)  �  y(i))/(x(i  + 1)  �  x(i))*(xx  �  x(i));

The table’s independent variables are stored in ascending order in the array x and the 
dependent variables stored in the array y.  Before searching, an error trap is included to 
ensure that the desired value xx falls within the range of the x’s. A while  .  .  .  break loop 
compares the value at which the interpolation is desired, xx, to determine whether it is 
less than the value at the top of the interval, x(i  + 1) . For cases where xx is in the second 
interval or higher, this will not test true at first. In this case the counter i  is incremented 
by one so that on the next iteration, xx is compared with the value at the top of the sec-
ond interval. The loop is repeated until the xx is less than or equal to the interval’s upper 
bound, in which case the loop is exited. At this point, the interpolation can be performed 
simply as shown.

For situations for which there are lots of data, the sequential sort is inefficient because 
it must search through all the preceding points to find values. In these cases, a simple 
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18.7  CASE STUDY  �����HEAT TRANSFER

Background.   Lakes in the temperate zone can become thermally stratified during the 
summer. As depicted in Fig. 18.11, warm, buoyant water near the surface overlies colder, 
denser bottom water. Such stratification effectively divides the lake vertically into two 
layers: the epilimnion and the hypolimnion, separated by a plane called the thermocline.

Thermal stratification has great significance for environmental engineers and scientists 
studying such systems. In particular, the thermocline greatly diminishes mixing between 
the two layers. As a result, decomposition of organic matter can lead to severe depletion of 
oxygen in the isolated bottom waters.

The location of the thermocline can be defined as the inflection point of the temperature-
depth curve—that is, the point at which d2T� dz2 = 0. It is also the point at which the absolute 
value of the first derivative or gradient is a maximum.

The temperature gradient is important in its own right because it can be used in con-
junction with Fourier’s law to determine the heat flux across the thermocline:

J = � D� C ​​ dT ___ 
dz

 ​​� (18.33)

where J = heat flux [cal/(cm2 · s)], �  = an eddy diffusion coefficient (cm2/s), �  = density 
(� 1 g/cm3), and C = specific heat [� �1 cal/(g · C)].

In this case study, natural cubic splines are employed to determine the thermocline 
depth and temperature gradient for Platte Lake, Michigan (Table 18.3). The latter is also 
used to determine the heat flux for the case where �  = 0.01 cm2/s.

TABLE 18.3   T emperature versus depth during summer for Platte Lake, Michigan.

z, m	 �� ���� ���� ���� ����� ����� ����� ����
T, °C	 ����� ����� ����� ����� ����� ����� ����� ����

z 
(m

)

0

10

20

30

0 10

Epilimnion

Thermocline

Hypolimnion

T (°C)

20 30

FIGURE 18.11
Temperature versus depth during summer for Platte Lake, Michigan.
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Solution.   As just described, we want to use natural spline end conditions to perform this 
analysis. Unfortunately, because it uses not-a-knot end conditions, the built-in MATLAB 
spline  function does not meet our needs. Further, the spline  function does not return the 
first and second derivatives we require for our analysis.

However, it is not difficult to develop our own M-file to implement a natural spline and 
return the derivatives. Such a code is shown in Fig. 18.12. After some preliminary error 
trapping, we set up and solve Eq. (18.27) for the second-order coefficients (c). Notice how  

function [yy,dy,d2] = natspline(x,y,xx)
% natspline: natural spline with differentiation
%   [yy,dy,d2] = natspline(x,y,xx): uses a natural cubic spline
%   interpolation to find yy, the values of the underlying function
%   y at the points in the vector xx. The vector x specifies the
%   points at which the data y is given.
% input:
%   x = vector of independent variables
%   y = vector of dependent variables
%   xx = vector of desired values of dependent variables
% output:
%   yy = interpolated values at xx
%   dy = first derivatives at xx
%   d2 = second derivatives at xx

n = length(x);
if length(y)~  = n, error('x and y must be same length'); end
if any(diff(x)<  = 0),error('x not strictly ascending'),end
m = length(xx);
b = zeros(n,n);
aa(1,1) = 1; aa(n,n) = 1;   %set up Eq. 18.27
bb(1)  = 0; bb(n)  = 0;
for i = 2:n  �  1
  aa(i,i�1) = h(x, i � 1);
  aa(i,i) = 2 * (h(x, i � 1) + h(x, i));
  aa(i,i+1) = h(x, i);
  bb(i) = 3 * (fd(i + 1, i, x, y) � fd(i, i � 1, x, y));
end
c = aa\bb';  %solve for c coefficients
for i = 1:n � 1   %solve for a, b and d coefficients
  a(i) = y(i);
  b(i) = fd(i + 1, i, x, y) � h(x, i) / 3 * (2 * c(i) + c(i + 1));
  d(i) = (c(i + 1) � c(i)) / 3 / h(x, i);
end

FIGURE 18.12
M-file to determine intermediate values and derivatives with a natural spline. Note that the 
diff  function employed for error trapping is described in Sec. 21.7.1.

(continued)

	 18.7	CA SE STUDY� 477
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18.7  CASE STUDY	 continued

[TT,dT,dT2] = natspline(z,T,zz);
subplot(1,3,1),plot(T,z,'o',TT,zz)
title('(a) T'),legend('data','T')
set(gca,'YDir','reverse'),grid
subplot(1,3,2),plot(dT,zz)
title('(b) dT/dz')
set(gca,'YDir','reverse'),grid
subplot(1,3,3),plot(dT2,zz)
title('(c) d2T/dz2')
set(gca,'YDir','reverse'),grid

As in Fig. 18.13, the thermocline appears to be located at a depth of about 11.5 m. 
We can use root location (zero second derivative) or optimization methods (minimum first 
derivative) to refine this estimate. The result is that the thermocline is located at 11.35 m 
where the gradient is � 1.61 °C/m.
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FIGURE 18.13
Plots of (a) temperature, (b) gradient, and (c) second derivative versus depth (m) generated 
with the cubic spline program. The thermocline is located at the inflection point of the  
temperature-depth curve.
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480 	 SpLiNEs AND PiECEWisE INTERpOLATiON

The gradient can be used to compute the heat flux across the thermocline with  
Eq. (18.33):

J = � 0.01 ​​ cm2
 ____ s ​​  × 1 ​​ 

g
 ____ 

cm3
 ​​  × 1 ​​  cal _____ 

g · °C
 ​​  ×  ​​(  � 1.61 ​ °C ___ m ​  )​​ × ​​  1 m _______ 

100 cm
 ​​  × ​​ 86,400 s _______ 

d
 ​​  = 13.9 ​​  cal ______ 

cm2 · d
 ​​

The foregoing analysis demonstrates how spline interpolation can be used for engi-
neering and scientific problem solving. However, it also is an example of numerical differ-
entiation. As such, it illustrates how numerical approaches from different areas can be used 
in tandem for problem solving. We will be describing the topic of numerical differentiation 
in detail in Chap. 21.

18.7  CASE STUDY	 continued

PROBLEMS

18.1 Given the data

x	 �� �� ���� �� �� �
f (x)	 �� ��    �� �� �� �

Fit these data with (a) a cubic spline with natural end condi-
tions, (b) a cubic spline with not-a-knot end conditions, and 
(c) piecewise cubic Hermite interpolation.
18.2 A reactor is thermally stratified as in the following 
table:

Depth, m	 �� ���� �� ���� �� ���� �

Temperature, °C	 ��� ��� ��� ��� ��� ��� ��

Based on these temperatures, the tank can be idealized as 
two zones separated by a strong temperature gradient or 
thermocline. The depth of the thermocline can be defined 
as�the inflection point of the temperature-depth curve—that 
is, the point at which d2T� dz2 = 0. At this depth, the heat flux 
from the surface to the bottom layer can be computed with 
Fourier’s law:

J = � k ​​ dT ___ 
dz

 ​​

Use a clamped cubic spline fit with zero end derivatives to 
determine the thermocline depth. If k = 0.01 cal/ (s · cm · °C) 
compute the flux across this interface.

18.3 The following is the built-in humps function that MATLAB 
uses to demonstrate some of its numerical capabilities:

f (x) = ​​  1 ______________  
(x �  0.3)2 + 0.01

 ​​ + ​​  1 __________________  
(x �  0.9)2 + 0.04 

 ​​ �  6

The humps function exhibits both flat and steep regions over a 
relatively short x range. Here are some values that have been 
generated at intervals of 0.1 over the range from x = 0 to 1:

x	 �� ���� ���� ���� ���� ���

f (x)	 ������ ����������������������������������

x	 ���� ���� ���� ���� �

f (x)	 ����������������������������������

Fit these data with a (a) cubic spline with not-a-knot end 
conditions and (b) piecewise cubic Hermite interpolation. In 
both cases, create a plot comparing the fit with the exact 
humps function.
18.4 Develop a plot of a cubic spline fit of the following 
data with (a) natural end conditions and (b) not-a-knot end 
conditions. In addition, develop a plot using (c) piecewise 
cubic Hermite interpolation (pchip).

x	 �� ���� ���� ���

f (x)	 �� �������� �������� �������

x	 ���� ���� ����

f (x)	 �������� �������� �������
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